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ON THE DEGREES OF RELATIONS ON
xd11 , . . . , x
dn
n , (x1 + . . .+ xn)
dn+1 IN POSITIVE CHARACTERISTIC
ADELA VRACIU
Abstract. We give a formula for the smallest degree of a non-Koszul relation
on xd1
1
, . . . , xdnn , (x1 + . . . + xn)
dn+1 ∈ k[x1, . . . , xn] (under certain assump-
tions on d1, . . . , dn+1) where k is a field of positive characteristic p. As an
application of our result, we give a formula for the diagonal F-threshold of a
diagonal hypersurface. Another application is a characterization, depending
on the characteristic p of k, of the values of d1, . . . , dn+1 (satisfying certain as-
sumptions) such that the ring k[x1, . . . , xn+1]/(x
d1
1
, . . . , x
dn+1
n+1
) has the weak
Lefschetz property.
1. Introduction
The goal of this paper is to answer the following question:
Question 1.1. Let k be a field of characteristic p ≥ 0 and let d1, . . . , dn+1 be posi-
tive integers. What is the smallest degree of a non-Koszul relation on the elements
xd11 , . . . , x
dn
n , (x1+ . . .+xn)
dn+1 in the polynomial ring k[x1, . . . , xn]? Equivalently,
what is the smallest degree of a non-zero element in
(xd11 , . . . , x
dn
n ) : (x1 + . . .+ xn)
dn+1
(xd11 , . . . , x
dn
n )
?
We will assume throughout that d1, . . . , dn+1 are such that none of the elements
xd11 , . . . , x
dn
n , (x1+ . . .+xn)
dn+1 is in the ideal generated by the others. If char(k) =
0, this is equivalent to
(1) di ≤
∑
j 6=i
(dj − 1) ∀i ∈ {1, . . . , n+ 1}.
The condition for char(k) = p > 0 is more complicated. We introduce the following
notation:
Notation 1.2. Let f := x1 + . . .+ xn.
Let A = (a1, . . . , an+1)t be a homogeneous relation on xd11 , . . . , xdnn , fdn+1,( i.e.
a1x
d1
1 + . . .+ anx
dn
n + an+1f
dn+1 = 0). We define the degree of the relation A to be
deg(A) := deg(ai) + di (note that this does not depend on i ∈ {1, . . . , n+ 1}).
Let Ep(d1, . . . , dn+1) be min(deg(A)), where A is a non-Koszul relation, i.e. ai /∈
(xd11 , . . . , x
di−1
i−1 , x
di+1
i+1 , . . . , f
dn+1) for some (equivalently for all) i ∈ {1, . . . , n+ 1}.
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All the relations considered in this paper will be homogeneous relations. Since
the degrees of the relations are not affected by a flat base change, we may assume
without loss of generality that k is a perfect field.
Observation 1.3. Note that the function Ep(d1, . . . , dn+1) is symmetric in the
variables d1, . . . , dn+1. This is because one can do a change of variables xi =
(x1 + . . . + xn) − x1 − . . . − xi−1 − xi+1 − . . . − xn which allows one to switch di
and dn+1.
The answer to Question (1.1) is given in [RRR] in the case when char(k) = 0.
Theorem 1.4 (Theorem 5, [RRR]). Let d1, . . . , dn+1 be positive integers satisfying
(1). Then
E0(d1, . . . , dn+1) =
⌈∑n+1
i=1 di − n+ 1
2
⌉
.
Smaller degrees are possible in positive characteristic. The following is a conse-
quence of the methods used in [RRR].
Theorem 1.5. Let d1, . . . , dn+1 be positive integers satisfying (1). Then
Ep(d1, . . . , dn+1) ≤ E0(d1, . . . , dn+1)
for every prime number p > 0.
Proof. Consider the ring A = k[x1, . . . , xn+1]/(x
d1
1 , . . . , x
dn+1
n+1 ) where k is a field of
characteristic p. Let L := x1 + . . . xn+1 and consider the map ×L : Ai → Ai+1
where Ai denotes the ith graded piece of A. It is easy to see that ×L : Ai → Ai+1 is
not injective if and only if Ep(d1, . . . , dn+1) ≤ i+1. On the other hand, it is shown
in [RRR] (Theorem 1) that dimk(Ai) > dimk(Ai+1) when i ≥ ⌈
∑n+1
i=1
di−n−1
2 ⌉ which
shows that the map ×L : Ai → Ai+1 cannot be injective. 
The work in [RRR] is related to the weak Lefschetz property for monomial
complete intersections A =
k[x1, . . . , xn+1]
(xd11 , . . . , x
dn+1
n+1 )
. If char(k) = 0, it was shown in
[S] using the hard Lefschetz theorem from algebraic geometry that all monomial
complete intersections have the weak Lefschetz property. This was then reproved in
[W] using representation theory. The first purely algebraic prove is given in [RRR]
and it is a direct consequence of Theorem (1.4).
In positive characteristic, relations of smaller degrees are possible, arising from
the fact that f q = xq1 + . . .+ x
q
n where q = p
e is a power of the characteristic. This
leads to frequent failure of the weak Lefschtetz property for monomial complete
intersections in positive characteristic. This is one of the applications of our work,
discussed in Section 5.
Another application (see Section 4) is the computation of the diagonal F-threshold
of a diagonal hypersurface R =
k[x1, . . . , xn+1]
(xa1 + . . .+ x
a
n+1)
in positive characteristic. F-
thresholds were introduced in [MTW] in connection with jumping numbers of test
ideals for generalized tight closure (which are positive characteristic analogues of
jumping numbers for multiplier ideals in birational geometry). They have been
studied further in [BMS1], [BMS2], [HMTW]; explicit formulas for F-thresholds
of certain rings and certain ideals were obtained in [Hi], [He]. If a ⊆ √J , then
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cJ(a) = lim
q=pe→∞
max{N | aN 6⊂ J [q]}
q
is the F-threshold of a with respect to J . The
diagonal F -threshold of a ring is obtained when a = J = m. Diagonal F-thresholds
of certain rings were studied in [MOY], [Li], [CM].
Question 1.1 has also been answered in the case when n = 2 and char(k) =
p > 0 in [Ha]. We mention that when n = 2, knowing Ep(d1, d2, d3) allows one to
completely describe the free resolution of (xd11 , x
d2
2 ) : (x1+x2)
d3 over the polynomial
ring, since it is given by a Hilbert-Burch matrix consisting of two relations with
degrees adding up to d1 + d2 + d3. However, if n ≥ 3, knowing the smallest degree
of a relation does not allow one to draw conclusions about the other relations on
the given elements. The work in [Ha] has been done in connection with computing
Hilbert-Kunz multiplicities for diagonal hypersurfaces, see also [HM].
The following is our main result:
Theorem 1.6. Let k be a field of characteristic p > 0, n ≥ 3, R = k[x1, . . . , xn]
and f = x1 + . . .+ xn.
(I) Let q = pe be a power of p, 0 ≤ ri ≤ q−1, 1 ≤ ki ≤ p−1, and let di = kiq+ri.
Assume that
(2) ki ≤ ⌊
∑n+1
j=1 kj − n+ 1
2
⌋ for all i ∈ {1, . . . , n+ 1}.
Then
(3) Ep(d1, . . . , dn+1) = min{qEp(k1 + ǫ1, . . . , kn+1 + ǫn+1) +
∑
ǫi=0
ri}
where the minimum is taken over all ǫ1, . . . , ǫn+1 ∈ {0, 1}.
(II) Let 1 ≤ κ1, . . . , κn+1 ≤ p such that
(4) κi ≤ ⌊
∑n+1
j=1 κj − n+ 1
2
⌋ for all i ∈ {1, . . . , n+ 1}.
. Then
(5) Ep(κ1, . . . , κn+1) = min{
⌈∑n+1
i=1 κi − n+ 1
2
⌉
, p}
Observation 1.7. 1. The inequality (≤) in equation (3) is always true provided
that ki ≥ 1 for all i (by Theorem (2.2)). However, the inequality (≥) may fail when
k1, . . . , kn+1 do not satisfy the assumption (2).
2. As noted in Theorem (1.5), Ep(d1, . . . , dn+1) ≤ E0(d1, . . . , dn+1). We note
that equality holds if and only if the ring A =
k[x1, . . . , xn+1]
(xd11 , . . . , x
dn+1
n+1 )
has the weak Lef-
schetz property (see Corollary 2.2 in [KV]).
The following example illustrates how the result of Theorem 1.6 is applied in
practice.
Example 1.8. We wish to calculate E5(6, 7, 11, 12). We have k1 = k2 = 1, k3 =
k4 = 2, r1 = r3 = 1, r2 = r4 = 2. We have
Ep(k1+ǫ1, k2+ǫ2, k3+ǫ3, k4+ǫ4) =
⌈∑4
i=1 ki +
∑4
i=1 ǫi − 2
2
⌉
=


2 when
∑4
i=1 ǫi = 0
3 when
∑4
i=1 ǫi ∈ {1, 2}
4 when
∑4
i=1 ǫi ∈ {3, 4}
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We have
pEp(k1, k2, k3, k4) +
4∑
i=1
ri = 5 · 2 + 6 = 16
min{pEp(k1 + ǫ1, k2 + ǫ2, k3 + ǫ3, k4 + ǫ4) +
∑
ǫi=0
ri} = 5 · 3 + 2 = 17
where the minimum is over all the choices of ǫi ∈ {0, 1}with
∑4
i=1 ǫi ∈ {1, 2}(achieved
for ǫ1 = ǫ3 = 0, ǫ2, ǫ4 = 1) and
min{pEp(k1 + ǫ1, k2 + ǫ2, k3 + ǫ3, k4 + ǫ4) +
∑
ǫi=0
ri} = 5 · 4 = 20
where the minimum is taken over the choices of ǫi ∈ {0, 1} with
∑4
i=1 ǫi ∈ {3, 4}
(achieved for ǫ1 = ǫ2 = ǫ3 = ǫ4 = 0).
Therefore we have E5(6, 7, 11, 12) = 16.
The next example shows that the assumption (2) cannot be removed.
Example 1.9. We wish to calculate E5(7, 7, 7, 18). We have k1 = k2 = k3 = 1,
k4 = 3, r1 = r2 = r3 = 2, r4 = 3. It is easy to see that E5(1+ǫ1, 1+ǫ2, 1+ǫ3, 3) = 3
when ǫ1+ǫ2+ǫ3 = 2 (since f
3 ∈ (x1+ǫ11 , x1+ǫ22 , x1+ǫ33 )), E5(2, 2, 2, 3) = E5(1+ǫ1, 1+
ǫ2, 1 + ǫ3, 4) = 4 for all choices of ǫ1, ǫ2, ǫ3 ∈ {0, 1}. Therefore the minimum that
equation (3) yields is min{15+r1+r4, 20} = 20. However, a Macaulay2 calculation
shows thatE5(7, 7, 7, 18) = 19.
Moreover, we observe that the result of Theorem 1.6 can only be applied to
exponents d1, . . . , dn+1 that have the property that the largest power of p that is
less than or equal to di is the same for all i.
2. Proof of the first inequality and the connection with the case
n = 2
Convention 2.1. For convenience of notation, in the course of the proof we will
refer to f = x1 + . . .+ xn by the name xn+1. We warn the reader that this is not
a new variable.
Note that every subset with n elements of the set {x1, . . . , xn+1} is a system of
parameters in R. Also note that one can replace xi by xn+1 − x1 − . . . − xi−1 −
xi+1− . . .−xn, and thus one can use any subset of n elements out of {x1, . . . , xn+1}
as variables in the polynomial ring.
Theorem 2.2. Let di = kiq + ri where q = p
e, ki ≥ 1, 0 ≤ ri ≤ q − 1. Then
Ep(d1, . . . , dn+1) ≤ qEp(k1 + ǫ1, . . . , kn+1 + ǫn+1) +
∑
ǫi=0
ri
for every (ǫ1, . . . , ǫn+1) ∈ {0, 1}n+1.
Proof. We will construct a non-Koszul relation of degree Ep(k1 + ǫ1, . . . , kn+1 +
ǫn+1)q +
∑
ǫi=0
ri for each choice of ǫ1, . . . , ǫn+1 ∈ {0, 1} such that if rj = 0 then
ǫj = 0. It is enough to consider these choices because when rj = 0, the choice
of ǫj = 1 yields a larger value of Ep(k1 + ǫ1, . . . , kn+1 + ǫn+1) +
∑
ǫi=0
ri than the
choice of ǫj = 0.
Start with a non-Koszul relation of minimal degree A = (a1, . . . , an+1)t on
xk1+ǫ11 , . . . , x
kn+ǫn
n , f
kn+1+ǫn+1, raise it to the qth power, and multiply by xrii for
ON THE DEGREES OF RELATIONS ON x
d1
1
, . . . , xdnn , (x1+. . .+xn)
dn+1 IN POSITIVE CHARACTERISTIC5
each i for which ǫi = 0. We obtain a relation on x
d1
1 , . . . , x
dn
n , f
dn+1, in which the
coefficient of xdii is a
q
i (
∏
ǫj=0,j 6=i
x
rj
j ) if ǫi = 0, and it is a
q
ix
q−ri
i (
∏
ǫj=0,j 6=i
x
rj
j ) if
ǫi = 1. We need to show that this relation is not Koszul. If there exists an i with
ǫi = 0, fix such an i. It is enough to prove that the coefficient of x
di
i is not in
(xd11 , . . . , x
di−1
i−1 , x
di+1
i+1 , . . . , x
dn+1
n+1 ). Otherwise, we would have
aqi (
∏
ǫj=0,j 6=i
x
rj
j ) ∈ (xk1q+r11 , . . . , xki−1q+ri−1i−1 , xki+1q+ri+1i+1 , . . . , xkn+1q+rn+1n+1 ).
Since x1, . . . , xi−1, xi+1, . . . , xn+1 form a regular sequence, this implies
aqi ∈ (xk1q+s11 , . . . , xki−1q+si−1i−1 , xki+1q+si+1i+1 , . . . , xkn+1q+sn+1n+1 )
where sj is equal to rj if ǫj = 1 and it is zero otherwise. Since a
q
i is a qth power,
every monomial in aqi (where we use x1, . . . , xi=1, xi+1, . . . , xn+1 as variables in
k[x1, . . . , xn]) which is divisible by x
kjp+rj
j will also be divisible by x
(kj+1)q
j if rj > 0.
Therefore it follows that
aqi ∈ (x(k1+ǫ1)q1 , . . . , x(ki−1+ǫi−1)qi−1 , x(ki+1+ǫi+1)qi+1 , . . . , x(kn+1+ǫn+1)qn+1 ).
But this implies that
ai ∈ (xk1+ǫ11 , . . . , xki−1+ǫi−1i−1 , xki+1+ǫi+1i+1 , . . . , xkn+1+ǫn+1n+1 ),
which contradicts the assumption that the relation we started with was not Koszul.
Now consider the case when ǫi = 1 for all i. Note that this case need only
be considered when ri > 0 for every i. We want to show that a
q
n+1x
q−rn+1
n+1 /∈
(xk1q+r11 , . . . , x
knq+rn
n ). Write a
q
n+1 =
∑
u αuMu and x
q−rn+1
n+1 =
∑
v βvNv as sums
of monomials (in the variables x1, . . . , xn)Mu, Nv, with coefficients αu, βv ∈ k \ {0}.
Note that every exponent in every Mu is divisible by q, while every exponent in
everyNv is strictly less than q. It follows that there can be no cancellations between
monomialsMuNv and Mu′Nv′ that occur when we multiply out (
∑
uMu)(
∑
vNv),
since no two monoials can have the same exponents for each variable unlessNv = N
′
v
and Mu = Mu′ (we can see this by looking at the congruence classes modulo q of
the exponents, which are given by the exponents that occur in Nv, Nv′).
If we assume by way of contradiction that aqn+1x
q−rn+1
n+1 ∈ (xk1q+r11 , . . . , xknq+rnn ),
it follows that MuNv ∈ (xk1q+r11 , . . . , xknq+rnn ) for every u, v. In particular one can
take Nv = x
q−rn+1
i , and it follows that
Mu ∈ (xk1q+r11 , . . . , xknq+rnn ) : xq−rn+1i =
(xk1q+r11 , . . . , x
ki−1q+ri
i−1 , x
kiq−q+ri+rn+1
i , x
ki+1q+ri+1
i+1 , . . . , x
knq+rn
n .
Since Mu is a qth power and ri > 0, it follows that
Mu ∈ (xk1q+q1 , . . . , xki−1q+qi−1 , xkiqi , xki+1qi+1 , . . . , xknq+qn ).
But this holds for every choice of i and every monomialMu in the expansion of a
q
n+1.
Therefore we must have an+1 ∈
⋂
i(x
k1+1
1 , . . . , x
ki
i , . . . , x
kn+1
n ) = (x
k1+1
1 , . . . , x
kn+1
n ,
∏n
i=1 x
ki
i ).
Since the original relationA = (a1, . . . , an+1)t is not Koszul, it follows that deg(an+1) ≥∑n
i=1 ki and thus deg(A) = deg(an+1) + kn+1 + 1 ≥
∑n+1
i=1 ki +1. This contradicts
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the assumption that the original relation had minimal degree Ep(k1+1, . . . , kn+1+
1), since by Theorem (1.5) we have
Ep(k1 + 1, . . . , kn+1 + 1) ≤ max
{
ki + 1, ⌈
∑n+1
i=1 (ki + 1)− n+ 1
2
⌉
}
=
max
{
ki + 1, ⌈
∑n+1
i=1 ki + 2
2
⌉
}
<
n+1∑
i=1
ki + 1

We now discuss briefly the case n = 2. The main result in this case is Theorem
2.25 in [Ha]. We do not reprove Han’s result here, but rather we translate it in
a more algebraic language (the original statement relies heavily on a honeycomb
structure in the plane consisting of octahedra and tetrahedrons) that will allow us
to compare it with our results for n ≥ 3.
Theorem 2.3 (Theorem 2.25, [Ha]). Let d1, d2, d3 be positive integers satisfying
the triangle inequality, and let k be a field of characteristic p > 0. Then
Ep(d1, d2, d3) = min{q⌈
∑3
i=1(ki + ǫi)− 1
2
⌉+
∑
ǫi=0
ri}
where di = kiq + ri, ki ≥ 1, 0 ≤ ri ≤ q − 1, and the minimum is taken over all
q = pe and all (ǫ1, ǫ2, ǫ3) ∈ {0, 1}3.
Note that if the minimum is achieved for q = p0 = 1, then Ep(d1, d2, d3) =
E0(d1, d2, d3). Unlike the case n ≥ 3, in the case n = 2 the minimum can be
achieved for any power of p, not just the largest which is less than d1, d2, d3. Also
note that, unlike Theorem 1.6), the statement of Theorem 2.3 can be applied to
arbitrary values d1, d2, d3 (since here it is not required that ki < p).
Proof. We will only show how our statement follows from the statement of Theorem
2.25 in [Ha]. The inequality (≤) follows from Theorem (2.2) and Theorem (1.4).
We only show (≥). According to [Ha], let q = pm be the largest power of p such
that (
d1
q
,
d2
q
,
d3
q
) is octahedral (in the terminology of [Ha], a point in the plane is
octahedral if it belongs to an open unit ball with the center at (x1, x2, x3), where
x1, x2, x3 are non-negative integers such that x1+x2+x3 is odd; the distance used
in this definition is the taxi-cab distance, d∗(P,Q) =
∑3
i=1 |Pi − Qi|). Theorem
2.25 in [Ha] asserts that
Ep(d1, d2, d3) = d1 + d2 + d3
2
− 1
2
d∗((d1, d2, d3), qF )
where F is the union of the planes of equation a1x1 + a2x2 + a3x3 = b with
a1, a2, a3 ∈ {1,−1}, and b = even integer. Note that we must have (x1, x2, x3) =
(k1 + ǫ1, k2 + ǫ2, k3 + ǫ3) for some choice of (ǫ1, ǫ2, ǫ3) ∈ {0, 1}3. We want to find a
point (z1, z2, z3) ∈ F such that
(6)
3∑
i=1
|qzi − di| ≤
3∑
i=1
di − 2q⌈
∑3
i=1(ki + ǫi)− 1
2
⌉ − 2(
∑
ǫi=0
ri).
This will show that q⌈
∑
3
i=1(ki+ǫi)−1
2 ⌉ +
∑
ǫi=0
ri ≤ Ep(d1, d2, d3) for this choice of
ǫ1, ǫ2, ǫ3, and the conclusion will follow.
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We will discuss four cases, according to the possible values for
∑3
i=1 ǫi ∈ {0, 1, 2, 3}.
If
∑3
i=1 ǫi = 0, then in order for (
d1
q
,
d2
q
,
d3
q
) to belong to the open unit ball with
center at (k1, k2, k3), we must have r1+r2+r3 < q, and k1+k2+k3 must be odd. In
this case, the right hand side of equation (6) is q−(r1+r2+r3). Since r1+r2+r3 < q,
we can choose c1, c2, c3 > 0 real numbers such that c1 + c2 + c3 = 1 and qci ≥ ri
for all i ∈ {1, 2, 3}. Then we have (z1, z2, z3) := (k1 + c1, k2 + c2, k3 + c3) ∈ F
(satisfying the equation z1 + z2 + z3 = k1 + k2 + k3 + 1 = an even integer) and∑3
i=1 |qzi − di| =
∑3
i=1(qci − ri) = q − (r1 + r2 + r3) and thus equation (6) holds.
If
∑3
i=1 ǫi = 1 we may assume with no loss of generality that ǫ1 = 1 and
ǫ2 = ǫ3 = 0. Then k1+k2+k3 must be even, and in order for (
d1
q
,
d2
q
,
d3
q
) to belong
to the open unit ball with center at (k1+1, k2, k3) we must have (q−r1)+r2+r3 < q,
i.e. r2 + r3 < r1. The right hand side of equation (6) is r1 − (r2 + r3). We choose
c1, c2, c3 > 0 real numbers such that c1 = c2 + c3, c1q ≤ r1, and ciq ≥ ri for
each i ∈ {2, 3}. We let (z1, z2, z3) := (k1 + c1, k2 + c2, k3 + c3) ∈ F (satisfying
the equation z1 − z2 − z3 = k1 − k2 − k3 = an even integer), and we see that∑3
i=1 |qzi − di| = (r1 − c1q) + (c2q − r2) + (c3q − r3) = r1 − r2 − r3 and therefore
equation (6) holds.
If
∑3
i=1 ǫi = 2, we may assume with no loss of generality that ǫ1 = ǫ2 = 1 and
ǫ3 = 0. Then k1+k2+k3 must be odd, and in order for (
d1
q
,
d2
q
,
d3
q
) to be in the open
unit ball with center at (k1+1, k2+1, k3) we must have (q−r1)+(q−r2)+r3 < q, i.e.
q+ r3 < r1+ r2. The right hand side of equation (6) is r1+ r2− q− r3. Let c1, c2, c3
be such that ciq ≤ ri for i ∈ {1, 2}, c3q ≥ r3, and c1+c2 = c3+1. Let (z1, z2, z3) :=
(k1+c1, k2+c2, k3+c3) ∈ F (satisfying the equation z1+z2−z3 = k1+k2−k3+1 = an
even integer) and
∑3
i=1 |qzi−di| = (r1−c1q)+(r2−c2q)+(c3q−r3) = r1+r2−r3−q
and therefore equation (6) holds.
If
∑3
i=1 ǫi = 3 we have ǫ1 = ǫ2 = ǫ3 = 1 . Then k1+k2+k3 is even, and in order
for (
d1
q
,
d2
q
,
d3
q
) to be in the open unit ball with center at (k1+1, k2+1, k3+1) we
must have (q − r1) + (q − r2) + (q − r3) < q, i.e. r1 + r2 + r3 > 2q. The right hand
side of equation (6) is r1 + r2 + r3 − 2q. Choose c1, c2, c3 such that c1 + c2 + c3 = 2
and ciq < ri for each i ∈ {1, 2, 3}. Let (z1, z2, z3) = (k1 + c1, k2 + c2, k3 + c3) ∈ F
(satisfying the equation z1 + z2 + z3 = k1 + k2 + k3 + 2 = an even integer). We
have
∑3
i=1 |qzi − di| =
∑3
i=1(ri − ciq) = r1 + r2 + r3 − 2q, and therefore equation
(6) holds.

3. Proof of the second inequality
We now prepare to give the proof of the inequality (≥) in Theorem (1.6). The
proof will be by induction on e (where q = pe). The base case e = 0 is contained
in Lemma (3.3). We will use the following notation:
Notation 3.1. Let di = kiq+ ri for i ∈ {1, . . . , n+1} with q = pe, 1 ≤ ki ≤ p− 1,
0 ≤ ri ≤ q − 1. We let
Min(d1, . . . , dn+1) := min{q E(k1 + ǫ1, . . . , kn+1 + ǫn+1) +
∑
ǫi=0
ri}
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where the minimum is taken over all ǫ1, . . . , ǫn+1 ∈ {0, 1}.
Lemma 3.2. We have
Ep(d1, . . . , dn+1) ≤ Ep(d1 + 1, d2, . . . , dn+1) ≤ Ep(d1, d2, . . . , dn+1) + 1.
Proof. Let A = (a1, . . . , an+1)t be a non-Koszul relation on xd11 , . . . , xdnn , fdn+1 of
degree equal to Ep(d1, d2, . . . , dn+1). Then A′ = (a1, x1a2, . . . , x1an+1)t is a relation
on xd1+11 , x
d2
2 , . . . , x
dn
n , f
dn+1 and deg(A′) = deg(A)+1. For bothA andA′, the non-
Koszul property translates to a1 /∈ (xd22 , . . . , xdnn , fdn+1). This proves the second
inequality.
Now we prove the first inequality. Let B = (b1, b2, . . . , bn+1)t be a non-Koszul
relation on xd1+11 , . . . , x
dn
n , f
dn+1, of degree Ep(d1 + 1, d2, . . . , dn+1). Then B′ :=
(x1b1, b2, . . . , bn+1)
t is a relation on xd11 , . . . , x
dn
n , f
dn+1 of the same degree. If
B′ is not Koszul, the inequality follows. If B′ is Koszul, then we have b1x1 ∈
(xd22 , . . . , x
dn
n , f
dn+1). Since B is not Koszul, b1 /∈ (xd22 , . . . , xdnn , fdn+1), and it fol-
lows that deg(b1) + 1 ≥ Ep(1, d2, . . . , dn+1). Repeated application of the second in-
equality (which we have already proved) yields Ep(1, d2, . . . , dn+1) ≥ Ep(d1, . . . , dn+1)−
(d1− 1), and it follows that Ep(d1 +1, d2, . . . , dn+1) = deg(B) = d1 +1+deg(b1) ≥
Ep(d1, . . . , dn+1) + 1 as desired.

For exponents that are small compared to the characteristic, we have Ep(d1, . . . , dn+1) =
E0(d1, . . . , dn+1). More precisely, we have:
Lemma 3.3. Let 1 ≤ k1, . . . , kn+1 ≤ p− 1. We have
(7) xkii /∈ (xk11 , . . . , xˆiki , . . . , xkn+1n+1 )⇔
ki ≤
∑
j 6=i
(kj − 1) =
∑
j 6=i
kj − n⇔ ki < ⌈
∑n+1
j=1 kj − n+ 1
2
⌉
If this condition holds for all i ∈ {1, . . . , n+ 1}, then
(8) Ep(k1, . . . , kn+1) = min
{
⌈
∑n+1
i=1 ki − n+ 1
2
⌉, p
}
We summarize the two statements in Lemma 3.3 in the following equation:
Ep(k1, . . . , kn+1) = max
{
k1, . . . , kn+1,min
{
⌈
∑n+1
i=1 ki − n+ 1
2
⌉, p
}}
whenever 1 ≤ k1, . . . , kn+1 ≤ p. Also note that equation (8) continues to hold
if ki =
∑
j 6=i(kj − 1) + 1 or ki =
∑
j 6=i(kj − 1) + 2, since in this case we have
ki = ⌈
∑n+1
i=1 ki − n+ 1
2
⌉.
The proof goes along the same lines as [RRR].
Proof. The statement in equation (7) is obvious because all the multinomial coeffi-
cients involved in the expansion of xkii = (xn+1−(x1+. . .+xi−1+xi+1+. . .+xn))ki
are nonzero and therefore the necessary and sufficient condition for xkii to be in
(xk11 , . . . , xˆi
ki , . . . , x
kn+1
n+1 ) is that all monomials in the variables x1, . . . , xi−1, xi+1, . . . , xn+1
of degree ki are divisible by one of x
k1
1 , . . . , xˆi
ki , . . . , x
kn+1
n+1 .
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Note that
(9) (x1 + . . .+ xn)
p = xp1 + . . .+ x
p
n
is a relation on xk11 , . . . , x
kn
n , f
kn+1 of total degree p. Moreover, (9) is a Koszul
relation if and only if (x1+. . .+xn)
p−kn+1 ∈ (xk11 , . . . , xknn ). Since all the multinomial
coefficients in the expansion of (x1+ . . .+xn)
p−kn+1 are non-zero, this is equivalent
to p−kn+1 ≥
∑n
i=1 ki−n+1 (so that every monomial in the expansion is divisible
by one of xk11 , . . . , x
kn
n ). So equation (9) is a Koszul relation on x
k1
1 , . . . , x
kn
n , f
kn+1
if and only if p ≥∑n+1i=1 ki −n+1 (in which case the minimum is not p). We know
from Theorem (1.5) that Ep(k1, . . . , kn+1) ≤ ⌈
∑n+1
i=1
ki−n+1
2 ⌉, and this proves that
when p ≤∑n+1i=1 ki − n we also have Ep(k1, . . . , kn+1) ≤ p. Thus we conclude that
E(k1, . . . , kn+1) ≤ min
{
⌈
∑n+1
i=1 ki − n+ 1
2
⌉, p
}
.
For the other inequality, consider a homogeneous non-Koszul relation
(10) g(x1 + . . .+ xn)
kn+1 = a1x
k1
1 + . . .+ anx
kn
n
We want to show that deg(g) + kn+1 ≥ min
{
⌈
∑n+1
i=1
ki−n+1
2 ⌉, p
}
. We use induction
on deg(g).
If deg(g) = 0, we must have kn+1 ≥ p, or kn+1 ≥ k1 + . . . kn − n+ 1 (from the
statement in equation (7)), and the desired inequality holds.
Assume deg(g) > 0 and let i be such that ∂g/∂xi 6= 0 (note that we can assume
that deg(g) < p and therefore g is not a pth power, and such a i exists). Take the
derivatives with respect to xi of both sides in equation (10). We get
∂g
∂xi
fkn+1 + gkn+1f
kn+1−1 ∈ (xk11 , . . . , xki−1i , . . . , xknn )
Multiply through by f and use equation (10); we obtain
(11)
∂g
∂xi
fkn+1+1 ∈ (xk11 , . . . , xki−1i , . . . , xknn )
This is a non-Koszul relation in xk11 , . . . , x
ki−1
i , . . . , x
kn
n , f
kn+1+1 (non-Koszul be-
cause ∂g/∂xi ∈ (xk11 , . . . , xki−1i , . . . , xknn ) implies g ∈ (xk11 , . . . , xkii , . . . , xknn ) by in-
tegration, and we know that this is not the case by the assumption that relation
(10) is non-Koszul). The conclusion follows by applying the induction hypothesis
to (11). 
Lemma 3.4. Assume that d1 < q and dn+1 = kn+1q + rn+1 ≥ q where q = pe is a
power of q, kn+1 ≥ 1 and 0 ≤ rn+1 ≤ q − 1. Then
Ep(d1, . . . , dn+1) ≥ min{Ep(q, d2, . . . , dn, kn+1q), kn+1q + Ep(d1, . . . , dn, rn+1)}.
Proof. Note that fkn+1q ≡ (x2 + . . .+ xn)kn+1q (mod (xq1)).
Consider a non-Koszul relation A = (a1, . . . , an+1)t on xd11 , . . . , xdnn , fdn+1. Then
a1 ∈ (xd22 , . . . , xdnn , xq1, (x2 + . . .+ xn)kn+1q) : xd11 =
(xd22 , . . . , x
dn
n , x
q−d1
1 , (x2 + . . .+ xn)
kn+1q) = (xd22 , . . . , x
dn
n , x
q−d1
1 , f
kn+1q)
(here we used the fact that x1, . . . , xn form a regular sequence).
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Write a1 = b1x
q−d1
1 + b2x
d2
2 + . . . + bnx
dn
n + bn+1f
kn+1q and substitute back in
the original relation.
It follows that B := (b1, a′2, . . . , a′n, bn+1xd11 +an+1f rn+1)t is a relation on xq1, xd22 , . . . , xdnn , fkn+1q,
where a′i = ai + bix
d1
1 . Note that deg(B) = deg(A). Therefore we have either
deg(A) ≥ Ep(q, d2, . . . , dn, kn+1q) (which gives the desired conclusion), or B is a
Koszul relation. In the latter case, we have bn+1x
d1
1 +an+1f
rn+1 ∈ (xq1, xd22 , . . . , xdnn ),
thus an+1f
rn+1 ∈ (xd11 , . . . , xdnn ), and since A is a non-Koszul relation, it fol-
lows that deg(an+1) + rn+1 ≥ Ep(d1, d2, . . . , dn, rn+1), and therefore deg(A) =
deg(an+1) + kn+1q + rn+1 ≥ kn+1q + Ep(d1, d2, . . . , dn, rn+1).

Definition 3.5. If di ≥ d′i for all i = 1, . . . , n + 1, we say that a relation A =
(a1, . . . , an+1)
t on xd11 , . . . , x
dn
n , f
dn+1 restricts to the relation A′ := (xd1−d′11 a1, . . . , fdn+1−d
′
n+1an+1)
t
on x
d′1
1 , . . . , x
d′n
n , f
d′n+1. Note that deg(A′) = deg(A).
The next two Lemmas prove the result for the case when ri = 0 for some i (since
Ep(d1, . . . , dn+1) is symmetric in the di’s, we may assume i = n+ 1 without loss of
generality). We note that in this case the assumption that ki ≤
∑
j 6=i kj − n + 1
for all i ∈ {1, . . . , n} is not needed. Lemma (3.6) below states that when rn+1 = 0,
then all the relations can be constructed as in the proof of Theorem (2.2) and thus
we not only know the smallest degree of a relation, but we can explicitely describe
all the relations. This will no longer be true when ri > 0 for all i ∈ {1, . . . , n+ 1}.
Lemma 3.6. If di = kiq + ri with q = p
e, ki ≥ 1 and 0 ≤ ri ≤ q − 1 for all
i = 1, . . . , n, then every relation on xd11 , . . . , x
dn
n , f
kn+1q restricts to a relation on
xk1q1 , . . . , x
knq
n , f
kn+1q of the form
(12)
∑
M
gM,lM


aq1,M,l
...
aqn+1,M,l


where M ranges through all monomials of the form M = x
ri1
i1
· · ·xrisis where 1 ≤ i1 <
. . . < is ≤ n, l runs through some indexing set, gM,l ∈ k[x1, . . . , xn], and for each
M, l, (a1,M,l, . . . , an+1,M,l)
t is a relation on xk11 , . . . , x
kn
n , f
kn+1 which is restricted
from a relation on xk1+ǫ11 , . . . , x
kn+ǫn
n , f
kn+1 where ǫi = 0 for i ∈ {i1, . . . , is} and
ǫi = 1 for i /∈ {i1, . . . , is}.
Furthermore, if we work modulo the Koszul relations on xd11 , . . . , x
dn
n , f
kn+1q,
then we may assume that each relation (a1,M,l, . . . , an+1,M,l)
t is the sum (12) is
restricted from a non-Koszul relation on xk1+ǫ11 , . . . , x
kn+ǫn
n , f
kn+1 .
Proof. We know by the flatness of the Frobenius functor that any relation on
xk1q1 , . . . , x
knq
n , f
kn+1q is a linear combination of relations of the form (aq1,l, . . . , a
q
n+1,l)
t,
where (a1,l, . . . , an+1,l)
t are relations on xk11 , . . . , x
kn
n , f
kn+1 . We view k[x1, . . . , xn]
as a free module over the ring k[xq1, . . . , x
q
n], with basis consisting of all the monomi-
als xj11 · · ·xjnn with 0 ≤ j1, . . . , jn ≤ q−1. Therefore any relation on xk1q1 , . . . , xknqn , fkn+1q
can be written as
∑
µ
µ


aq1,µ
...
aqn+1,µ


ON THE DEGREES OF RELATIONS ON x
d1
1
, . . . , xdnn , (x1+. . .+xn)
dn+1 IN POSITIVE CHARACTERISTIC11
where µ ranges through all the monomials xj11 · · ·xjnn with 0 ≤ j1, . . . , jn ≤ q − 1
(we are using the assumption that k is a perfect field in order to incorporate scalar
coefficients as part of the aqi,µ). Moreover, in order for the relation to be restricted
from a relation on xd11 , . . . , x
dn
n , f
kn+1q we need the entry in the lth component,
namely
∑
µ µa
q
l,µ to be divisible by x
rl
l for all l = 1, . . . , n. This implies that for
every monomial µ = xj11 · · ·xjnn that has jl < rl, we must have al,µ divisible by
xl (one can see that the result of multiplying x
rl
l by any polynomial written in
terms of the free basis of k[x1, . . . , xn] over k[x
q
1, . . . , x
q
n] is of the form
∑
Gµµ
where either µ is divisible by xrll , or Gµ is divisible by x
q
l ). In other words, the
relation (a1,µ, . . . , an+1,µ)
t where µ = xj11 · · ·xjnn is restricted from a relation on
xk1+ǫ11 , . . . , x
kn+ǫn
n , f
kn+1 , where ǫl = 1 when jl < rl and ǫl = 0 otherwise.
The claim now follows by combining all the monomials divisible by x
ri1
i1
· · ·xrisis
but not by any x
rj
j for j /∈ {i1, . . . , is} into terms of the form gM,lM with M =
x
ri1
i1
· · ·xrisis , giving equation (12). Each aj,M,l is a aj,µ where µ ranges through
the monomials described above, and therefore aj,M,l is divisible by xj for all j /∈
{i1, . . . , is}. This implies that (a1,M,l, . . . , an+1,mM,l)t is restricted from a relation
on xk1+ǫ11 , . . . , x
kn+ǫn
n , f
kn+1 where ǫi = 0 for i ∈ {i1, . . . , is} and ǫi = 1 for i /∈
{i1, . . . , is}.
In order to justify the last paragraph in the statement, note that if an+1,µ ∈
(xk1+ǫ11 , . . . , x
kn+ǫn
n ), then it follows that µa
q
n+1,µ ∈ (xk1q+r11 , . . . , xknq+rnn ), where
µ = xj11 · · ·xjnn is such that jl ≥ rl whenever ǫl = 0.

Corollary 3.7. With notation as above, we have
Ep(k1q + r1, . . . , knq + rn, kn+1q) =Min(k1q + r1, . . . knq + rn, kn+1q).
Moreover, if A is a non-Koszul relation on xk1q+r11 , . . . , xknq+rnn , fkn+1q+rn+1
such that the restriction of A to xk1q+r11 , . . . , xknq+rnn , fkn+1q is Koszul, then we
have deg(A) ≥Min(k1q + r1, . . . , knq + rn, kn+1q + rn+1).
Proof. The first statement follows immediately from Lemma (3.6) by observing that
if any (a1,M,l, . . . , an+1,M,l)
t from equation (12) is a Koszul relation on xk1+ǫ11 , . . . , x
kn+ǫn
n , f
kn+1 ,
then an+1,M,l ∈ (xk1+ǫ11 , . . . , xkn+ǫnn ), which impliesMaqn+1,M,l ∈ (xk1q+r11 , . . . , xknq+rnn )
and therefore M(aq1,M,l, . . . , a
q
n+1,M,l)
t is a Koszul relation. Thus we may assume
without loss of generality that all the relations on the right hand side (12) are
non-Koszul.
Now we prove the second statement. The assumption that the restriction of
A is Koszul but A is not implies that an+1f rn+1 ∈ (xk1q+r11 , . . . , xknq+rnn ) but
an+1 /∈ (xk1q+r11 , . . . , xknq+rnn ). Using the second inequality from Lemma (3.2), we
have
deg(an+1) + rn+1 ≥ Ep(k1q + r1, . . . , knq + rn, rn+1) ≥
Ep(k1q + r1, . . . , knq + rn, q)− q + rn+1.
From the first part of the statement, we now know that
deg(an+1) + rn+1 ≥Min(d1, . . . , dn, q)− q + rn+1 =
min{Ep(k1 + ǫ1, . . . , kn + ǫn, 1)q +
∑
ǫj=0,j≤n
rj} − q + rn+1,
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and therefore
deg(A) = kn+1q + rn+1 + deg(an+1) ≥
min{Ep(k1 + ǫ1, . . . , kn + ǫn, 1)q +
∑
ǫj=0,j≤n
rj}+ (kn+1 − 1)q + rn+1 ≥
min{Ep(k1 + ǫ1, . . . , kn + ǫn, kn+1)q +
∑
ǫj=0,j≤n
rj}+ rn+1
where the last inequality follows from Lemma (3.2). Since the right hand side of
the inequality above is greater than or equal to Min(d1, . . . , dn+1), we have the
desired conclusion. 
Lemma 3.8. Let p ≥ 3, q = pe with e ≥ 1, n ≥ 3 and assume by the inductive
hypothesis that the conclusion of Theorem (1.6) holds for q′ = pe−1.
Let 1 ≤ r1 ≤ r2 ≤ . . . ≤ rn+1 ≤ q − 1 be such that rn + rn+1 ≥ q. Then
Ep(r1, . . . , rn+1) ≥ min(r1 + r2, q)
Before giving the proof, we wish to emphasize the fact that the assumption that
n ≥ 3 is essential in Lemma (3.8), and that this is the main reason for the difference
in the main result for n ≥ 3 compared to the result in ([Ha]) for n = 2.
Proof. Note that for any positive integers 1 ≤ l1 ≤ l2 . . . ≤ ln+1, we have
(13) ⌈
∑n+1
i=1 li − n+ 1
2
⌉ ≥ l1 + l2 − 1
and the inequality is strict unless n = 3 and l1 = . . . = l4, or n ≥ 4 and l1 =
. . . = ln+1 = 1. This is because
∑n+1
i=1 li − n + 1 =
∑n−1
i=1 (li − 1) + ln + ln+1 ≥
l1 − 1 + l2 − 1 + ln + ln+1 ≥ 2l1 + 2l2 − 2.
Consider the case q = p. Then the desired conclusion follows from Lemma
(3.3) together with the inequality (13), since in the case r1 = . . . = rn+1 = r the
assumption that rn + rn+1 ≥ p guarantees that 2r − 1 ≥ p (since p is odd).
Now let q = pe with e ≥ 2. Write ri = uiq′+ vi where q′ = pe−1, 0 ≤ ui ≤ p− 1,
0 ≤ vi ≤ q′− 1 and we are assuming that the conclusion of Theorem (1.6) holds for
q′ = pe−1 instead of q.
We first treat the case when Theorem (1.6) can be applied to r1, . . . , rn+1, i.e.
1 ≤ u1 ≤ u2 ≤ . . . ≤ un+1 ≤
∑n
i=1 ui − n+ 1. Then we have
Ep(r1, . . . , rn+1) = min{q′Ep(u1 + ǫ1, . . . , un+1 + ǫn+1) +
∑
ǫi=0
vi}
with the minimum taken over all the choices of ǫ1, . . . , ǫn+1 ∈ {0, 1}. Fix ǫ1, . . . , ǫn+1
for which the minimum is reached. If E(u1+ ǫ1, . . . , un+1+ ǫn+1) = p, then we have
E(r1, . . . , rn+1) ≥ pq′ = q and we have the desired conclusion. Thus we will assume
that
E(u1 + ǫ1, . . . , un+1 + ǫn+1) = ⌈
∑n+1
i=1 (ui + ǫi)− n+ 1
2
⌉.
We consider the following cases: ǫ1 + ǫ2 = 0, ǫ1 + ǫ2 = 1, ǫ1 + ǫ2 = 2.
Case 1: ǫ1+ǫ2 = 0. The inequality (13) implies that Ep(u1, u2, u3+ǫ3, . . . , un+1+
ǫn+1) ≥ u1 + u2 − 1, with strict inequality unless u1 = u2 = u3 + ǫ3 = . . . =
un+1 + ǫn+1 := u. If the inequality (13) is strict, then we have Ep(r1, . . . , rn+1) ≥
(u1+u2)q
′+v1+v2 = r1+r2 and thus the desired conclusion follows. If the inequality
(13) is an equality, then we must have ǫ3 = . . . = ǫn+1 = 0 and u1 = . . . = un+1 = u.
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If 2u−1 ≥ p, then we have Ep(r1, . . . , rn+1) ≥ pq′ = q, and the desired conclusion
holds. Otherwise, since p is odd, we must have 2u − 1 ≤ p − 2. Recalling the
assumption that rn + rn+1 = 2uq
′ + vn + vn+1 ≥ q, it follows that vn + vn+1 ≥ q′,
and therefore Ep(r1, . . . , rn+1) = (2u−1)q′+v1+v2+. . .+vn+vn+1 ≥ 2uq′+v1+v2 =
r1 + r2.
Case 2: ǫ1 + ǫ2 = 1. Say that ǫ1 = 1, ǫ2 = 0 (the other case is similar). We
first consider the case when u1 + 1 = u2 = u3 + ǫ3 = . . . = un+1 + ǫn+1 := u and
E(u1 + 1, u2, . . . , un+1 + ǫn+1) = 2u − 1. We must have ǫ3 = . . . = ǫn+1 = 0 and
u2 = . . . = un+1 = u, u1 = u − 1. If 2u − 1 ≥ p then we have Ep(r1, . . . , rn+1) ≥
pq′ = q, and the desired conclusion holds. Otherwise, since p is odd, we must
have 2u − 1 ≤ p− 2. Recalling the assumption that rn + rn+1 ≥ q, it follows that
vn + vn+1 ≥ q′. Thus we have
Ep(r1, . . . , rn+1) = (2u− 1)q′ + v2 + . . .+ vn + vn+1 ≥ 2uq′ + v2 ≥ r1 + r2
and the desired conclusion holds.
Now consider the case when inequality (13) is strict when applied to u1 +
1, u2, u3+ǫ3, . . . , un+1+ǫn+1, and therefore we have E(u1+1, u2, u3+ǫ3, . . . , un+1+
ǫn+1) ≥ min{ui + ǫi + uj + ǫj}. If u1 + 1, u2, u3 + ǫ3, . . . , un+1 + ǫn+1 are not
all equal, then the smallest two are either u1 + 1, u2, or u2, uj (where uj = u1
and ǫj = 0). If the smallest two are u1 + 1, u2 then we have Ep(r1, . . . , rn+1) ≥
(u1 + u2 +1)q
′+ v2 ≥ r1 + r2. If the smallest two are u2, uj (with j as above) then
Ep(r1, . . . , rn+1) ≥ (u2 + uj)q′ + v2 + vj . But we have uj = u1 and rj ≥ r1, and
therefore vj ≥ v1, which leads to the desired conclusion.
Case 3: ǫ1 = ǫ2 = 1. Then Ep(r1, . . . , rn+1) = Ep(u1+1, u2+1, u3+ǫ3, . . . , un+1+
ǫn+1)q
′ +
∑
i≥3,ǫi=0
vi.
If u1+1 = u2+1 = u3+ ǫ3 = . . . = un+1+ ǫn+1 = u, then Ep(u1+1, u2+1, u3+
ǫ3, . . . , un+1+ǫn+1) ≥ 2u−1. If 2u−1 ≥ p, it follows that Ep(r1, . . . , rn+1) ≥ q, and
we are done. Assume that 2u− 1 ≤ p− 1. Since p is odd, this means that 2u− 1 ≤
p − 2. Note that this implies that ǫn = ǫn+1 = 0, since otherwise we would have
un+un+1 ≤ 2u−1, and rn+rn+1 ≤ (2u−1)q′+vn+vn+1 < (p−2)q′+2q′ = q, which
contradicts our assumption. Now we have un = un+1 = u, and the assumption that
rn+ rn+1 ≥ q implies that 2uq′+ vn+ vn+1 ≥ pq′. Since 2u ≤ p− 1, it follows that
vn + vn+1 ≥ q′, and we have Ep(r1, . . . , rn+1) ≥ (2u − 1)q′ + vn + vn+1 ≥ 2uq′ =
(u1 + 1)q
′ + (u2 + 1)q
′ ≥ r1 + r2.
If u1 + 1, u2 + 1, u3 + ǫ3, . . . , un+1 + ǫn+1 are not all equal, then the smallest
two could be u1 + 1, u2 + 1, or u1 + 1, uj (where uj = u2 and ǫj = 0), or uj, ul
(where uj = u1, ul = u2, and ǫj = ǫl = 0). In the first case, it follows that
Ep(r1, . . . , rn+1) ≥ (u1 + 1 + u2 + 1)q′ ≥ r1 + r2. In the second case, we have
Ep(r1, . . . , rn+1) ≥ (u1 + 1 + uj)q′ + vj , and since uj = u2 and rj ≥ r2, it follows
that vj ≥ v2, which leads to Ep(r1, . . . , rn+1) ≥ (u1 + 1)q′ + u2q′ + v2 ≥ r1 + r2. In
the third case, we have Ep(r1, . . . , rn+1) ≥ (uj + ul)q′ + vj + vl and we must have
vj ≥ v1, vl ≥ v2 for the same reason as above, implying that Ep(r1, . . . , rn+1) ≥
u1q
′ + u2q
′ + v1 + v2 = r1 + r2.
Now we will consider all the remaining cases, when the result of Theorem (1.6)
cannot be applied to r1, . . . , rn+1. This is the case when un+1 ≥
∑n
i=1 ui−n+2, or
when ri < q
′ for some i (and thus ui = 0). The idea for the cases when all ui ≥ 1 is
to use Lemma (3.2) to replace un+1q
′ + vn+1 by un+1q
′, and then apply Corollary
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(3.7). By Lemma (3.2), we have
(14)
Ep(r1, . . . , rn+1) ≥ Ep(r1, . . . , rn, un+1q′) = Ep(u1+ǫ1, . . . , un+ǫn, un+1)q′+
∑
i≤n,ǫi=0
vi
for some choice of ǫ1, . . . , ǫn.
We distinguish four cases.
Case 1: un+1 =
∑n
i=1 ui − n + 2 and all ui ≥ 1. Note that this implies that
E(u1 + ǫ1, . . . , un+1) = un+1 if
∑n+1
i=1 ǫi ≤ 1, and E(u1 + ǫ1, . . . , un+1 + ǫn+1) ≥
un+1 + 1 when
∑n+1
i=1 ǫi ≥ 2. Also note that we have un+1 ≥ u1 + u2.
We distinguish three possibilities:
Subcase 1: un+1 = u1 + u2. Note that this only happens when u1 = . . . =
un = 1, un+1 = 2. Since we are assuming that rn+ rn+1 ≥ q, this can only happen
when p = 3 (since q ≤ rn + rn+1 ≤ 3q′ + rn + rn+1 < 5q′ implies p < 5). If∑n
i=1 ǫi ≤ 1, it follows that
∑
i≤n,ǫi=0
vi from equation (14) consists of at least two
terms, and since u1 = . . . = un, it follows that v1 ≤ v2 ≤ . . . ≤ vn, and therefore∑
i≤n,ǫi=0
vi ≥ v1+ v2, and therefore Ep(r1, . . . , rn+1) ≥ un+1q′+ v1+ v2 = r1+ r2,
as desired.
If
∑n
i=1 ǫi ≥ 2, then we have Ep(u1 + ǫ1, . . . , un + ǫn, un+1) ≥ un+1 + 1 = 3, and
since p = 3, it follows that Ep(r1, . . . , rn+1) ≥ 3q′ = q, as desired.
Subcase 2: un+1 = u1+u2+1. This happens when un = 2, un−1 = . . . = u1 =
1, or when n = 3, u3 = 2, and u1, u2 ∈ {1, 2}. If
∑n
i=1 ǫi ≤ 1, then
∑
i≤n,ǫi=0
vi in
equation (14) consists of at least two terms, and at least one of them is≥ min{v1, v2}
(when n = 3 then one of the two terms must be v1 or v2; when n ≥ 4 we must have
v1 ≤ v2 ≤ . . . ≤ vn−1 and at least one of the two terms is not vn). It follows that
Ep(r1, . . . , rn+1) ≥ un+1q′ + min(v1, v2) = (u1 + u2 + 1)q′ + min(v1, v2) ≥ r1 + r2
as desired. If
∑n
i=1 ǫi ≥ 2, then Ep(u1 + ǫ1, . . . , un + ǫn, un+1) ≥ un+1 + 1, and it
follows that Ep(r1, . . . , rn+1) ≥ (u1 + u2 + 2)q′ ≥ r1 + r2, as desired.
Subcase 3: un+1 ≥ u1+u2+2. Then it follows that Ep(r1, . . . , rn+1) ≥ un+1q′ ≥
(u1 + u2 + 2)q
′ ≥ r1 + r2.
Case 2: un+1 =
∑n
i=1 ui − n + 3 and all ui ≥ 1. Then un+1 = u1 + u2 +
u3 + (u4 − 1) + . . . + (un − 1) ≥ u1 + u2 + 1, with equality if and only if u1 =
. . . = un = 1, un+1 = 3. If the inequality is strict, then we have Ep(r1, . . . , rn+1) ≥
Ep(r1, . . . , rn, un+1q′) ≥ un+1q′ ≥ (u1 + u2 + 2)q′ ≥ r1 + r2. Assume that un+1 =
u1+u2+1. If
∑n
i=1 ǫi ≤ 2 in equation (14), then the sum
∑
i≤n,ǫi=0
vi consists of at
least one term, and we get Ep(r1, . . . , rn+1) ≥ un+1q′+minni=1(vi) = (u1+u2+1)q′+
min(v1, v2) ≥ r1+ r2. If
∑n
i=1 ǫi ≥ 3, then we have Ep(u1+ ǫ1, . . . , un+ ǫn, un+1) ≥
un+1 + 1, and it follows that Ep(r1, . . . , rn+1) ≥ (u1 + u2 + 2)q′ ≥ r1 + r2.
Case 3: Now assume that un+1 ≥
∑n
i=1 ui − n + 4 and all ui ≥ 1. Then
un+1 ≥ u1+u2+2 and we have Ep(r1, . . . , rn+1) ≥ un+1q′ ≥ (u1+u2+2)q′ ≥ r1+r2.
Case 4: The last remaining case is when some of the ri’s are less than q
′. The
proof will be on induction on the number I of indexes i such that ri < q
′, with
I = 0 being the base case. If I = 1, say that r1 < q
′, r2, . . . , rn+1 ≥ q′. By Lemma
(3.2), we have Ep(r1, . . . , rn+1) ≥ Ep(q′, r2, . . . , rn+1)−(q′−r1). Using the result for
q′, r2, . . . , rn+1 (which correspond to one of the cases that we already proved), we
have Ep(r1, . . . , rn+1) ≥ min{q′+ r2, q}− (q′+ r1). If min{q′+ r2, q} = q′+ r2, then
we get Ep(r1, . . . , rn+1) ≥ r1 + r2 and we are done. Otherwise, we have r2 ≥ q− q′,
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and it follows that u2 = . . . un+1 = p− 1. By Lemma (3.4), we have
Ep(r1, r2, . . . , rn+1) ≥ min{Ep(q′, r2, . . . , rn, (p−1)q′), (p−1)q′+Ep(r1, . . . , rn, vn+1)}.
When min{Ep(q′, r2, . . . , rn, (p−1)q′), (p−1)q′+Ep(r1, . . . , rn, vn+1)} = Ep(q′, r2, . . . , rn, (p−
1)q′), we can apply the result to q′, r2, . . . , rn, (p − 1)q′ (which correspond to one
of the cases that we already proved) and we get Ep(r1, . . . , rn+1) ≥ q. When
min{Ep(q′, r2, . . . , rn, (p−1)q′), (p−1)q′+Ep(r1, . . . , rn, vn+1)} = (p−1)q′+Ep(r1, . . . , rn, vn+1),
note that this is ≥ (p− 1)q′ + rn ≥ 2(p− 1)q′ ≥ pq′ = q.
Say that I ≥ 2 and we may assume without loss of generality that r1, r2 < q′
and rn+1 ≥ q′ (rn+1 must be ≥ q′, since rn + rn+1 ≥ q). By Lemma (3.4), we
have Ep(r1, . . . , rn+1) ≥ Ep(q′, r2, . . . , rn, un+1q′), or Ep(r1, . . . , rn+1) ≥ un+1q′ +
Ep(r1, r2, . . . , rn, vn+1). In the first case we can apply the inductive hypotheses
(for I − 1) to the (n+ 1)-tuple q′, r2, . . . , rn, un+1q′. In the second case, note that
Ep(r1, r2, . . . , rn, vn+1) ≥ r1, therefore we obtain Ep(r1, . . . , rn+1) ≥ un+1q′ + r1 ≥
r1 + r2.

The main body of the proof for the inequality ≥ in Theorem (1.6)
First we prove the result for p = 2. In this case, the only choice for k1, . . . , kn+1
that satisfy condition (2) is k1 = . . . = kn+1 = 1, and therefore we have Ep(k1, . . . , kn+1) =
1 and Ep(k1 + ǫ1, . . . , kn+1 + ǫn+1) = 2 for any choice of (ǫ1, . . . , ǫn+1) ∈ {0, 1}n+1
that are not all equal to zero.Moreover, note that these are the smallest degree of
any non-zero relations on xk1+ǫ1 , . . . , xkn+ǫnn , f
kn+1, whether Koszul or not. Thus,
we have
Min(k1q + r1, . . . , kn+1q + rn+1) = min{q +
n+1∑
i=1
ri, 2q}.
According to Lemma (3.6), a relation A = (a1, . . . , an+1)t on
xk1q+r11 , . . . , x
knq+rn
n , f
kn+1q+rn+1 restricts to a relation A′ on xk1q1 , . . . , xknqn , fkn+1q
of the form given by equation (12). If (a1,M,l, . . . , an+1,M,l)
t is a relation on
xk1+ǫ11 , . . . , x
kn+ǫn
n , f
kn+1 with ǫ1, . . . , ǫn ∈ {0, 1} not all equal to zero, then we have
deg(A) ≥ qEp(k1 + ǫ1, . . . , kn + ǫn, kn+1) = 2q, and the desired conclusion holds.
Thus we may assume without loss of generality that the only terms in the sum (12)
correspond to M = xr11 · · ·xrnn , and (a1,M,l, . . . , an+1,M,l)t are non-Koszul relations
on x1, . . . , xn+1, f . Note that the only such relation is (1, . . . , 1,−1)t. The assump-
tion that the relationA′ is restricted from a relation on xk1q+r11 , . . . , xknq+rnn , fkn+1q+rn+1
implies that
∑
M gM,lMa
q
n+1,M,l is divisible by f
rn+1. Since the sum consists
of a single term, we can write g := gM,l, and we have gx
r1
1 · · ·xrnn ∈ (f rn+1).
This implies g ∈ (f rn+1), and therefore deg(A) = deg(g) + deg(xr11 · · ·xrnn ) +
q Ep(k1, . . . , kn, kn+1) ≥ q +
∑n+1
i=1 ri.
From this point on we will assume p ≥ 3.
Let E := Ep(k1, . . . , kn+1) = min
(
⌈
∑n+1
i=1
ki−n+1
2 ⌉, p
)
. By the discussion follow-
ing Lemma (3.3), we see that equation (8) also applies to k1 + ǫ1, . . . , kn+1 + ǫn+1
for every (ǫ1, . . . , ǫn+1) ∈ {0, 1}n+1, so we have
(15) Ep(k1 + ǫ1, . . . , kn+1 + ǫn+1) = min(E + ⌊I
2
⌋, p)
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if
∑n+1
i=1 ki − n+ 1 is odd, or
(16) Ep(k1 + ǫ1, . . . , kn+1 + ǫn+1) = min(E + ⌈I
2
⌉, p)
if
∑n+1
i=1 ki − n+ 1 is even, where I =
∑n+1
i=1 ǫi.
Assume that we are in the case when equation (15) holds. The other case is
similar. Then
(17) Min(k1q+ r1, . . . , kn+1q+ rn+1) = min{Eq+ ⌊I
2
⌋q+ ri1 + . . .+ rin−I+1 , pq}
where I ranges through integers from 0 to n+1 and 1 ≤ i1 < . . . < in−I+1 ≤ n+1
(note that the minimum will be achieved for an odd value of I).
Due to symmetry, we may assume with no loss of generality that rn+1 ≥ ri for
all i ∈ {1, . . . , n}.
According to Lemma (3.6), a relation A = (a1, . . . , an+1)t on
xk1q+r11 , . . . , x
knq+rn
n , f
kn+1q+rn+1 restricts to a relation A′ on xk1q1 , . . . , xknqn , fkn+1q
of the form given by equation (12). Moreover, by Lemma (3.7), we may assume
that the relation A′ is not Koszul. It follows that at least one of the terms of the
sum in equation (12) is such that (a1,M,l, . . . , an+1,M,l)
t is a non-Koszul relation on
xk1+ǫ11 , . . . , x
kn+ǫn
n , f
kn+1 , and therefore deg(an+1,M,l)+kn+1 ≥ Ep(k1+ǫ1, . . . , kn+
ǫn, kn+1) where M = x
ri1
i1
· · ·xrisis and ǫi = 0⇔ i ∈ {i1, . . . , is}.
The assumption that A′ is restricted from a relation on
xk1q+r11 , . . . , x
knq+rn
n , f
kn+1q+rn+1 means that
∑
M,l gM,lMa
q
n+1,M,l is divisible by
f rn+1. We view k[x1, . . . , xn] as a free module over k[x
q
1, . . . , x
q
n] with basis consist-
ing of the monomials xi22 · · ·xinn f in+1 with 0 ≤ i2, . . . , in+1 ≤ q−1. We see that every
polynomial divisible by f rn+1 can be written in the form
∑
aMM with M ranging
through monomials of the form xi22 · · ·xinn f in+1 as above, aM ∈ k[xq1, . . . , xqn], and
for each M we have either in+1 ≥ rn+1 or aM is divisible by f q. We may assume
without loss of generality that each entry an+1,M,l of a non-Koszul relation from
equation (12) is not divisible by f . Otherwise, the relation (a1,M,l, . . . , an+1,M,l)
t
would be restricted from a relation on xk1+ǫ11 , . . . , x
kn+ǫn
n , f
kn+1+1, and we would
have deg(an+1,M,l) + kn+1 ≥ Ep(k1 + ǫ1, . . . , kn + ǫn, kn+1 + 1), which implies
deg(A) = deg(M) + q(deg(an+1,M,l) + kn+1) ≥Min(d1, . . . , dn+1), as desired.
We will focus on the terms in the sum in equation (12) that correspond to non-
Koszul relations and have minimal value for I :=
∑n
i=1 ǫi (and therefore minimal
degree for an+1,M,l). Let M1, . . . ,MN be all the monomials in (12) that are as-
sociated to these terms. Assume that M1 = x
r1
1 x
ri2
i2
· · ·xrisis . Let {j1, . . . , jt} :={1, . . . , n} \ {1, i2, . . . , is}. We may assume that the sum on the right hand side of
equation (12) was written in such a way that it contains the fewest possible number
of terms that involve the monomial M1 and correspond to non-Koszul relations on
xk1+ǫ11 , . . . , x
kn+ǫn
n , f
kn+1 (where ǫi = 0⇔ i ∈ {1, i2, . . . , is}).
Note that M2, . . . ,MN ∈ (xrj1j1 , . . . , x
rjt
jt
) (since they involve the same number of
variables asM1, they must involve at least one variable not inM1). Say that the co-
efficients of the terms corresponding toM1 in the sum (12) are gM1,1, . . . , gM1,λ. Fix
a monomial ν from the expansion of gM1,1M1 using x2, . . . , xn, f as variables. We
claim that either ν ∈ (xrj1j1 , . . . , x
rjt
jy
, xq1, x
q
i2
, . . . , xqis , f
rn+1), or else the conclusion
of the theorem holds.
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Assume ν /∈ (xq1, . . . , xqn). Then it is part of the basis for k[x1, . . . , xn] as a
free k[xq1, . . . , x
q
n]-module. According to the discussion above, one of the following
situations must occur: ν is divisible by f rn+1, or an+1,M1,1 is divisible by f , or
νaqn+1,M1,1 must cancel out in the sum
∑
M,l gM,lMa
q
n+1,M,l . Since the claim
holds in the first situation, and the second situation has been eliminated in the
discussion above, we may assume that the third possiblity occurs.
Now we consider the other terms of the sum
∑
M,l gM,lMa
q
n+1,M,l such that the
monomial ν appears in the expansion of gM,lM after possibly dividing out qth
powers (so we are looking for monomials in the expansion of a gM,lM that are of
the form (qth power) ·ν). First assume that ν appears in a term that corresponds
to a non-Koszul relation (a1,M , . . . , an+1,M)
t andM 6= M1. IfM /∈ {M1, . . . ,MN}
(so that M has
∑n
i=1 ǫ
′
i > I), then we claim that the conclusion of the theorem
follows. Indeed, in this case we have deg(gM1,1M1) ≤ deg(gM,lM), and therefore
deg(an+1,M1,1) ≥ deg(an+1,M,l). Since we have kn+1 + deg(an+1,M,l) = Ep(k1 +
ǫ′1, . . . , kn + ǫ
′
n, kn+1) ≥ (min{E + ⌊ I+12 ⌋, p})q, it follows that deg(A) ≥ deg(M1) +
(min{E + ⌊ I+12 ⌋, p})q ≥ Min(d1, . . . , dn+1), which is the desired conlcusion. If
M ∈ {M2, . . . ,MN}, then the term from the expansion of gMM must be ν rather
than a (qth power)·ν (because in this case gMM and gM1M1 must have the same
degree), and since M ∈ (xrj1j1 , . . . , x
rjt
jt
) it follows that ν ∈ (xrj1j1 , . . . , x
rjt
jt
), and the
claim holds.
Now assume that none of the previous possibilities holds, and therefore the
term νan+1,M1,1 must cancel with terms in the sum
∑
M,l gM,lMa
q
n+1,M,l that have
M = M1 or correspond to Koszul relations (a1,M,l, . . . , an+1,M,l)
t.
Say that gM1,1M1, . . . , gM1,sM1 are all the terms corresponding to non-Koszul
relations where the monomial ν occurs with coefficients αq1, . . . , α
q
s ∈ k (using the
assumption that k is a perfect field). Moreover, let N1, . . . , Nu be the monomials
corresponding to Koszul relations such that (a qth power) ·ν is a term in the expan-
sion of a gNN , and let β
q
1 , . . . , β
q
s be the corresponding coefficients. The assump-
tion that the terms containing this monomial cancel in the sum (12) implies that
α1an+1,M1,1 = α2an+1,M1,2+ . . .+αsan+1,M1,s+v, where v =
∑u
m=1 βmvman+1,Nm
is the term coming from the Koszul relations. Specifically, vm is such that gNmNm
has a term equal to vqmν in its expansion, and an+1,Nm ∈ (xk1+ǫ1,m1 , . . . , xkn+ǫn,mn ) is
the last entry of a relation restricted from a Koszul relation on x
k1+ǫ1,m
1 , . . . , x
kn+ǫn,m
n , fkn+1
where ǫi,m = 0 if and only if x
ri
i is a factor inNm. Note that vm(a1,Nm , . . . , an+1,Nm)
t
is a relation on oxk11 , . . . , x
kn
n , f
kn+1 which is restricted from a relation on xk1+ǫ11 , . . . , x
kn+ǫn
n , f
kn+1
(recall that ǫi = 0 ⇔ i ∈ {1, i2, . . . , is}). To see this, say that Nm = xrl1l1 · · ·x
rlv
lv
.
For every j ∈ {1, . . . , n} \ {1, i2, . . . , is}, if j /∈ {l1, . . . , lv} we have ǫj,m = 1, and if
j ∈ {l1, . . . , lv} then we must have vm divisible by xj (since NmgNm is divisible by
x
rj
j but ν is not).
It follows that the relation (a1,M1,1, . . . , an+1,M1,1)
t from equation (12) can be
replaced by
s∑
j=2
αj
α1


a1,M1,j
...
an+1,M1,j

+K
where K is a relation on xk11 , . . . , x
kn
n , f
kn+1 which is restricted from a Koszul re-
lation on xk1+ǫ11 , . . . , x
kn+ǫn
n , f
kn+1. This contradicts the assumption that the sum
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in equation (12) was written so that it contains the fewest possible number of
terms corresponding to non-Koszul relations that involve the monomial M1. This
concludes the proof of the claim.
Consider the case when {i2, . . . , is} 6= ∅ (in other words the monomial M1 con-
sists of more than a single variable).
Rename g := gM1,1. Since x2, . . . , xn, f is a regular sequence,
gM1 ∈ (xrj1j1 , . . . , x
rjt
jt
, xq1, x
q
i2
, . . . , xqis , f
rn+1)
implies that
gxr11 ∈ (xrj1j1 , . . . , x
rjt
jt
, x
q−ri2
i2
, . . . , x
q−ris
is
, f rn+1) (note that xq1 is redundant among
the generators of the ideal on the right hand side and can be omitted). We view this
as a relation on xs11 , . . . , x
sn
n , f
sn+1 where si = ri for i ∈ {1, j1, . . . , jt, n+1} and si =
q−ri for i ∈ {i2, . . . , is}. This implies either g ∈ (xrj1j1 , . . . , x
rjt
jt
, x
q−ri2
i2
, . . . , x
q−ris
is
, f rn+1)
if the above is a Koszul relation, or deg(g)+ r1 ≥ Ep(s1, . . . , sn, sn+1) otherwise. In
the first case, we have deg(g) ≥ rl for some l ∈ {j1, . . . , jt, n+1} or deg(g) ≥ q− rl
for some l ∈ {i2, . . . , is}. In the second case we have deg(g) + r1 ≥ min(si + sj , q).
We have deg(A) = deg(M1)+deg(g)+q(deg(aM1,n+1,1+kn+1), and deg(aM1,n+1,1+
kn+1) = Ep(k1 + ǫ1, . . . , kn + ǫn, kn+1) = min{E + ⌊ I2⌋, p}, where ǫi = 1 for
i ∈ {j1, . . . , jt} and I = t = n − s. Thus deg(A) = r1 + ri2 + . . .+ ris + deg(g) +
qmin{E+ ⌊ I2⌋, p}. We distinguish six possible cases based on the discussion above.
We refer to equation (17) for explanation of the last inequality in each of the cases
below.
1. deg(g) ≥ rj for some j ∈ {j1, . . . , jt, n + 1}. Then we have deg(A) ≥
r1+ ri2 + . . .+ ris + rj +deg(g)+ qmin{E+ ⌊ I2⌋, p} ≥ Min(d1, . . . , dn+1) since the
number of ri’s in the sum is s+ 1 = n− I + 1.
2. deg(g) ≥ q − ri for some i ∈ {i2, . . . , is}. We may assume without loss of
generality that i = is. Then we have deg(A) ≥ r1+ ri2 + . . .+ ris−1 + q+ qmin{E+
⌊ I2⌋, p} ≥ r1 + ri2 + . . . + ris−1 + qmin{E + ⌊ I+22 ⌋, p} ≥ Min(d1, . . . , dn+1), since
the number of ri’s in the sum is s− 1 = n− (I + 2) + 1.
3. deg(g) + r1 ≥ rj + rj′ for some j, j′ ∈ {j1, . . . , jt, n + 1}. Then we have
deg(A) ≥ ri2 + . . .+ ris + rj + rj′ + qmin{E + ⌊ I2⌋, p} ≥ Min(d1, . . . , dn+1) since
the number of ri’s in the sum is s+ 1 = n− I + 1.
4. deg(g) + r1 ≥ rj + (q − ri) for some j ∈ {j1, . . . , jt, 1, n+ 1}, i ∈ {i2, . . . , is}.
Assume i = is. Then we have deg(A) ≥ ri2+. . .+ris−1+rj+q+qmin{E+⌊ I2⌋, p} ≥
ri2 + . . .+ris−1 +rj+qmin{E+⌊ I+22 ⌋, p} ≥ Min(d1, . . . , dn+1) because the number
of ri’s in the sum is s− 1 = n− (I + 2) + 1.
5. deg(g) + r1 ≥ (q − ri) + (q − ri′ ) for some i, i′ ∈ {i2, . . . , is}. Assume
{i, i′} = {s−1, s}. Then we have deg(A) ≥ ri2+. . .+ris−2+2q+qmin{E+⌊ I2⌋, p} ≥
ri2 + . . . + ris−2 + qmin{E + ⌊ I+42 ⌋, p} ≥ Min(d1, . . . , dn+1), because the number
of ri’s in the sum is s− 3 = n− (I + 4) + 1.
6. deg(g)+r1 ≥ q. Then we have deg(A) ≥ ri2+. . .+ris+q+qmin{E+⌊ I2⌋, p} ≥
ri2 + . . .+ ris + qmin{E + ⌊ I+22 ⌋, p} ≥Min(d1, . . . , dn+1), because the number of
ri’s in the sum is s− 1 = n− (I + 2) + 1.
Now consider the case whenM1 = x
r1
1 . Then we have gx
r1
1 ∈ (xr22 , . . . , xrnn , f rn+1).
If g ∈ (xr22 , . . . , xrnn , f rn+1), then we proceed as in case 1. above. Otherwise, we
have deg(M1)+ r1 ≥ E(r1, r2, . . . , rn+1). We may assume without loss of generality
that max{ri + rj} = rn + rn+1. If rn + rn+1 ≥ q, then we can use Lemma (3.8)
and proceed as in case 3. or case 6. above. Assume that rn + rn+1 < q (so that
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Lemma (3.8) cannot be applied). Note that we have
deg(A) = deg(g) + r1 + Ep(k1, k2 + 1, . . . , kn + 1, kn+1) ≥
Ep(r1, . . . , rn+1) + Eq + qmin{⌊n− 1
2
⌋, p}.
Choose u = q − (rn + rn+1) > 0 and note that we have Ep(r1, r2, . . . , rn+1) ≥
Ep(r1, r2, . . . , rn+1+u)−u from Lemma (3.2). Note that rn+1+u ≤ q, rn+rn+1+u =
q, and we can apply Lemma (3.8) to the (n + 1)-tuple (r1, r2, . . . , rn+1 + u). We
have
Ep(r1, . . . , rn+1) ≥ min{ri + rj} − q + rn + rn+1.
It follows that
deg(A) ≥ qmin{E + ⌊n− 1
2
⌋, p} − q + ri + rj + rn + rn+1 ≥
qmin{E + ⌊n− 3
2
⌋, p}+ ri + rj + rn + rn+1.
We see that deg(A) ≥Min(d1, . . . , dn+1) by choosing I = n− 3 in equation (17).
4. Diagonal F-thresholds
Let (A,m) denote a standard graded Artinian local ring with maximal homoge-
neous ideal m. The top socle degree of A is the largest degree of a nonzero element
of A.
We observe that knowing Ep(d1, . . . , dn+1) for every d1, . . . , dn+1 will allow us to
find the top socle degree of any ring of the form
R =
k[x1, . . . , xn+1]
(xK11 , . . . , x
Kn+1
n+1 , x
a
1 + . . .+ x
a
n+1)
(note that xn+1 denotes a variable; we are no longer using the convention xn+1 =
x1 + . . . xn that was in effect in the earlier sections). Let the top socle degree
of this ring be denoted tsd(K1, . . . ,Kn+1; a). Of particular interest is the case
K1 = . . . = Kn+1 = q = p
e, in which case we will be finding the top socle degrees
of Frobenius powers of the maximal ideal in a diagonal hypersurface ring.
Theorem 4.1. Let K1, . . . ,Kn+1, a > 0 be integers. Write Ki = adi + ei with
0 ≤ ei ≤ a− 1. With notation as above, we have
tsd(K1, . . . ,Kn+1; a) =
max
{
a
(
n+1∑
i=1
(di + ǫi − 1)− Ep(d1 + ǫ1, . . . , dn+1 + ǫn+1) + 1
)
+
n+1∑
i=1
gi
}
where the maximum is taken over all choices of (ǫ1, . . . , ǫn+1) ∈ {0, 1}n+1, gi = a−1
when ǫi = 0 and gi = ei − 1 when ǫi = 1.
Proof. For every monomial xj11 · · ·xjn+1n+1 , write ji = afi + gi with 0 ≤ gi ≤ a − 1.
Define a Za×Za×· · ·×Za grading on k[x1, . . . , xn+1] by letting deg(xj11 · · ·xjn+1n+1 ) =
(g1, . . . , gn+1). We claim that
xj11 · · ·xjn+1n+1 ∈ (xK11 , . . . , xKn+1n+1 , xa1 + . . .+ xan+1)⇔
xf11 · · ·xfn+1n+1 ∈ (xd1+ǫ11 , . . . , xdn+1+ǫn+1n+1 , x1 + . . .+ xn+1)
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where ǫj = 0 if ej ≤ gj and ǫj = 1 if ej > gj . Indeed assume that
(18)
xaf1+g11 · · ·xafn+1+gn+1n+1 = F1xad1+e11 + . . .+Fn+1xadn+1+en+1n+1 +Fn+2(xa1 + . . . xan+1)
with F1, . . . , Fn+2 ∈ k[x1, . . . , xn+1]. We can assume that each term in the sum
on the right hand side of the equation is homogeneous of degree (g1, . . . , gn+1) in
the Za × Za × · · · × Za grading, which means that it has the form xg11 · · ·xgn+1n+1 ·
(polynomial in xa1 , . . . , x
a
n+1). Fix a i ≤ n + 1. If ei ≤ gi, this means that Fi is
of the form xg11 · · ·xgi−eii · · ·xgn+1n+1 · (polynomial in xa1 , . . . , xan+1). If ei > gi, then
Fi is of the form x
g1
1 · · ·xa−ei+gii · · ·xgn+1n+1 · (polynomial in xa1 , . . . , xan+1). Now we
can simplify xg11 · · ·xgn+1n+1 on both sides of equation (18) and let yi := xai . The
conclusion follows by viewing the two sides of the resulting equation as polynomials
in the variables y1, . . . , yn+1.
Therefore we have
tsd(K1, . . . ,Kn+1; a) = sup
{
a tsd(d1 + ǫ1, . . . , dn+1 + ǫn+1; 1) +
n+1∑
i=1
gi
}
where the supremum is over all the choices of (ǫ1, . . . , ǫn+1) ∈ {0, 1}n+1, and gi =
a− 1 when ǫi = 0, gi = ei − 1 when ǫi = 1 (one can use these choices for gi due to
the fact that tsd is an increasing function in K1, . . . ,Kn+1).
Now note that tsd(d1, . . . , dn+1; 1) is the largest degree j such that the map
×L :
(
k[x1, . . . , xn+1]
(xd11 , . . . , x
dn+1
n+1 )
)
j−1
→
(
k[x1, . . . , xn+1]
(xd11 , . . . , x
dn+1
n+1 )
)
j
is not surjective, where L = x1+. . .+xn+1. By the perfect pairing Aj×AS−j → AS
in the graded Artinian Gorenstein ring A = k[x1, . . . , xn+1]/(x
d1
1 , . . . , x
dn+1
n+1 ), we
see that j = S − i, where S = ∑n+1i=1 )di − 1) is the socle degree of A, and i is the
smallest degree such that the map ×L : Ai → Ai+1 is not injective. But it is not
hard to see that i + 1 = Ep(d1, . . . , dn+1). It follows that tsd(d1, . . . , dn+1; 1) =∑n+1
i=1 (di − 1)− Ep(d1, . . . , dn+1) + 1. 
F-threshods of ideals with respect to other ideals were introduced in [MTW],
where it is shown that they give an analogue of the jumping coefficients of multiplier
ideals in characteristic zero. We remind the reader that given two ideals a, J ⊂ m
in a local ring (R,m) of characteristic p > 0, such that a ⊆ √J , the F-threshold of
a with respect to J is defined as
cJ (a) := lim
e→∞
νJ
a
(pe)
pe
, where νJ
a
(pe) := max{r | ar 6⊂ J [pe]}.
When a = J = m, cm(m) is called the diagonal F-threshold of R. It is observed
in [Li] that when a = m, and R is a standard graded ring, νJ
m
(q) is the top socle
degree of R/J [q]. Therefore we can apply the result of Theorem 4.1 to calculate the
diagonal F-threshold of diagonal hypersurface rings.
Theorem 4.2. Let R =
k[x1, . . . , xn+1]
(xa1 + . . .+ x
a
n+1)
where k is a field of positive character-
istic p and a is a positive integer not divisible by p. Then
cm(m) = n+ 1− aM
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where M is equal to
min{⌈ (n+ 1)κ− n+ 1
2
⌉ · 1
pe
+
(n+ 1)s
ape
, ⌈ (n+ 1)κ− n+ 2
2
⌉ · 1
pe
+
ns
ape
,
⌈ (n+ 1)κ+ 1
2
⌉ · 1
pe
+
s
ape
, ⌈ (n+ 1)κ+ 2
2
⌉ · 1
pe
,
1
pe−1
}
where e is the smallest exponent such that pe ≥ a, κ = ⌊pe
a
⌋, and s = pe− κa is the
remainder of pe modulo a.
Proof. We have cm(m) = lim
q=pe→∞
tsd(q, . . . , q; a)
q
. Since we know from Proposition
2.3 in [Li], that the limit exists, it suffices to consider the subsequence consisting
of q ≡ 1 (mod a). Let q = d(q)a+ 1, with d(q) = (q − 1)/a.
According to Theorem (4.1),
tsd(q, . . . , q; a) =
max{a
[
n+1∑
i=1
(d(q) + ǫi − 1)− Ep(d(q) + ǫ1, . . . , d(q) + ǫn+1) + 1
]
−(a−1)(n+1−I)} =
max{a(n+1)(d(q)−1)−aEp(d(q)+ ǫ1, . . . , d(q)+ ǫn+1)+a+a(n+1)− (n+1)+ I}
where the maximum is taken over all the choices of ǫ1, . . . , ǫn+1 ∈ {0, 1}, and I =∑n+1
i=1 ǫi. Upon dividing by q and taking the limit, we see that the last four terms
above have zero contribution in the limit. Thus, we may take ǫ1 = . . . = ǫn+1 = 0
in order to achieve the maximum of the remaining terms. We have
ft(R) = a(n+1) lim
q→∞
d(q)
q
−a lim
q→∞
Ep(d(q), . . . , d(q))
q
= n+1−a lim
q→∞
Ep(d(q), . . . , d(q))
q
.
Let e be the smallest exponent such that pe ≥ a. Let s denote the remainder of
pe modulo a (0 ≤ s ≤ a − 1), and let q′ = q
pe
. We can write d(q) = k(q)q′ + r(q)
with k(q) =
pe − s
a
and r(q) =
sq′ − 1
a
. Note that k(q) = ⌊p
e
a
⌋ = κ. Also note that
1 ≤ κ ≤ p − 1 (since pe−1 < a ≤ pe) and 0 ≤ r(q) < q′ because s < a. We can
therefore apply Theorem (1.6) and we have
Ep(d(q), . . . , d(q)) = min{Ep(κ+ ǫ1, . . . , κ+ ǫn+1)q′ + (n+ 1− I)r(q)}
= min{⌈ (n+ 1)κ+ I − n+ 1
2
⌉q′ + (n+ 1− I)r(q), pq′}
where the the first minimum is over all choices of ǫi ∈ {0, 1}, and I =
∑n+1
i=1 ǫi and
the second minimum is over all the choices of 0 ≤ I ≤ n+ 1.
Let m(I) := ⌈ (n+ 1)κ+ I − n+ 1
2
⌉q′ + (n + 1 − I)r(q). Note that m(I + 2) −
m(I) = q′ − 2r(q) = aq
′ − 2sq′ − 2
a
. It follows that m(I + 2) − m(I) > 0 for all
0 ≤ I ≤ n − 1 if a > 2s and q is sufficiently large, and m(I + 2) − (I) < 0 for all
0 ≤ I ≤ n − 1 if a ≤ 2s. Therefore the minimum of m(I) when 0 ≤ I ≤ n + 1 is
achieved for I ∈ {0, 1, n, n+ 1}.
The conclusion now follows by observing that lim
q→∞
r(q)
q
=
s
ape
. 
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5. The weak Lefschetz property
Recall that a standard graded algebraA = ⊕Ai is said to have the weak Lefschtez
property (WLP) if there exists a L ∈ A1 such that the map ×L : Ai → Ai+1 has
maximal rank (i.e. is either injective or surjective) for every i.
Let k be an infinite field of positive characterisitc p, and let di = kiq+ ri satisfy
the assumptions in Theorem (1.6), with q = pe a power of p. We study the following
question:
Question 5.1. For what values of d1, . . . , dn+1 as above does the ring A =
k[x1, . . . , xn+1]
(xd11 , . . . , x
dn+1
n+1 )
does have the weak Lefschetz property (WLP)?
If the field k has characteristic zero, then it is known (see [S], [W]) that all
the monomial complete intersections rings A have WLP, but the story is much
different in positive characteristic. The question (5.1) has been investigated in
[BK]) for n = 2 when d1 = d2 = d3 and in [LZ] for n = 2 in the general case.
The question was also answered in [KV] for the case n ≥ 3 when d1 = . . . dn+1.
The results of this section generalize those in [KV]. Closely related problems are
studied in [CN] and [C]. A survey of the history and recent developments related
to the weak Lefschetz property is given in [MN].
We see that when n ≥ 5 there are no values of d1, . . . , dn+1 that satisy the
assumption in Theorem (1.6) with q > 1 such that A has WLP (see Corollary (5.5);
when n = 4 the only values are for p = 3, (d1, . . . , d5) = (4, 4, 4, 4, 5) or a permuation
of this (see Proposition (5.6). When n = 3 we give a complete characterization of
those values of d1, . . . , dn+1 that satisfy the assumption of Theorem (1.6) and such
that the ring A has the weak Lefschetz property (see Proposition (5.7). These
results generalize our previous work in [KV], where we considered the case d1 =
. . . = dn+1. Closely related problems are studied in [CN] and and [C].
Recall (see for example Corollary 2.2 in [KV]) that A has the weak Lefschetz
property if and only if
(19) Ep(d1, . . . , dn+1) ≥ ⌈
∑n+1
i=1 di − n+ 1
2
⌉
Let
E := ⌈
∑n+1
i=1 ki − n+ 1
2
⌉
Then for every 0 ≤ I ≤ n+ 1 we have Ep(d1, . . . , dn+1) ≤ ⌈
∑n+1
i=1
ki+I−n+1
2 ⌉q+ r1 +
. . .+ rn−I+1. We will discuss two cases depending on the parity of
∑n+1
i=1 ki−n+1.
For convenience of notation we will assume that r1 ≤ r2 ≤ . . . ≤ rn+1.
Case 1: Assume that
∑n+1
i=1 ki−n+1 is odd. Then we have
∑n+1
i=1 ki = 2E+n−2,
and equation (19) implies that if the weak Lefschetz property holds, then
⌈
∑n+1
i=1 di − n+ 1
2
⌉ = ⌈ (2E + n− 2)q +
∑n+1
i=1 ri − n+ 1
2
⌉ ≤ (E+⌊I
2
⌋)q+r1+. . .+rn+1−I ,
or equivalently
(20) (n− 2− 2⌊I
2
⌋)q + rn+2−I + . . .+ rn+1 ≤ r1 + . . .+ rn+1−I + n− 1
for every I = 0, . . . , n+ 1.
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Case 2: Assume that
∑n+1
i=1 ki − n + 1 is even. Then we have
∑n+1
i=1 ki =
2E + n − 1, and equation (19) implies that if the weak Lefschetz property holds,
then
⌈
∑n+1
i=1 di − n+ 1
2
⌉ = ⌈ (2E + n− 1)q +
∑n+1
i=1 ri − n+ 1
2
⌉ ≤ (E+⌈I
2
⌉)q+r1+. . .+rn+1−I ,
or equivalently
(21) (n− 1− 2⌈I
2
⌉)q + rn+2−I + . . .+ rn+1 ≤ r1 + . . .+ rn+1−I + n− 1
for every I = 0, . . . , n+ 1.
Furthermore note that Ep(d1, . . . , dn+1) ≤ Ep(pq, . . . , pq) = pq, and thus if the
weak Lefschetz property holds then we must have
(22) pq ≥ ⌈
∑n+1
i=1 di − n+ 1
2
⌉
We will show that when n is sufficiently large, equation (19) implies that q = 1
or q = 2. For smaller values of n (but still n ≥ 4) we will have to consider a few
more possible values of q.
Lemma 5.2. Assume that A has the weak Lefschetz property and that d1, . . . , dn+1
are as in Theorem (1.6).
• If n ≥ 9 then we must have q ≤ 2.
• If n ∈ {7, 8} then we must have q ≤ 3.
• If n ∈ {5, 6} then we must have q ≤ 4 (and therefore p ≤ 3).
Proof. Case 1:
∑n+1
i=1 ki − n+ 1 is odd. Let I = 1 in equation (20). We have
(23) (n− 2)q + rn+1 ≤ r1 + . . .+ rn + n− 1
If n is odd, we let I = n in equation (20), and we have
(24) − q + r2 + . . .+ rn+1 ≤ r1 + n− 1
Combining equations (23) and (24) we see that
(n−2)q ≤ r1+(r2+ . . .+rn)−rn+1+n−1 ≤ q+2r1−2rn+1+2(n−1) ≤ q+2(n−1)
and therefore q ≤ 2(n− 1)/(n− 3). For n ≥ 9, this implies that q ≤ 2. For n = 7
we have q ≤ 3 and for n = 5 we have q ≤ 4.
If n is even we let I = n+ 1 in equation (20). We have
(25) − 2q + r1 + . . .+ rn+1 ≤ n− 1
Combining equations (23) and (25) we obtain
(n− 2)q ≤ r1 + . . .+ rn − rn+1 + (n− 1) ≤ 2q − 2rn+1 + 2(n− 1),
or (n − 4)q ≤ 2(n − 1 − rn+1). Since we are assuming r1 ≤ . . . ≤ rn+1, we must
have either rn+1 ≥ 1 or r1 = . . . = rn+1 = 0. In the latter case, equation (23)
becomes (n − 2)q ≤ n − 1 which is only possible if q = 1. Thus we may assume
that rn+1 ≥ 1, and we have q ≤ 2(n− 2)/(n− 4). When n ≥ 10 this implies q ≤ 2.
When n = 8 it implies q ≤ 3, and when n = 6 it implies q ≤ 4.
Case 2:
∑n+1
i=1 ki − n+ 1 is even. Plug in I = 0 in equation (21). We get
(26) (n− 1)q ≤ r1 + . . .+ rn+1 + n− 1
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If n is even plug in I = n in equation (21). We get
(27) − q + r2 + . . .+ rn+1 ≤ r1 + n− 1.
Since r1 ≤ . . . ≤ rn+1, this implies that −q+nr1 ≤ r1+n−1, or r1 ≤ 1+q/(n−1).
Combining equations (26) and (27), we get
(n− 1)q ≤ r1 + (r2 + . . .+ rn+1) + n− 1 ≤ q + 2r1 + 2(n− 1) ≤ q + 2q
n− 1 + 2n
and therefore
q ≤ 2n
n− 2− 2
n−1
.
When n ≥ 8 this implies q ≤ 2, when n = 6 it implies q ≤ 3, and when n = 4 it
implies q ≤ 5.
If n is odd, plug in I = n+ 1 in equation (21). We get
(28) − 2q + r1 + . . .+ rn+1 ≤ n− 1
Combining equations (26) and (28), we get (n− 1)q ≤ 2q+2(n− 1), which implies
q ≤ 2(n− 1)/(n− 3). If n ≥ 9 this implies q ≤ 2. If n = 7 then q ≤ 3 and if n = 5
then q ≤ 4. 
Lemma 5.3. Assume that p = 2 and d1, . . . , dn+1 are as in Theorem (1.6). If A
has the weak Lefschetz property, then we must have n ≤ 3, or n = 4 and q = 2.
Proof. The assumption that d1, . . . , dn+1 are as in Theorem (1.6) implies that k1 =
. . . = kn+1 = 1. Equation (22) implies that
(29) 2q ≥ ⌈
∑n+1
i=1 di − n+ 1
2
⌉ = ⌈ (n+ 1)q +
∑n+1
i=1 ri − n+ 1
2
⌉
Note that we cannot have r1 = . . . rn+1 = 0, and therefore equation (29) implies
(n+ 1)q − n+ 2 ≤ 4q, or (n− 3)q ≤ n − 2. This can only hold if n ≤ 3, or n = 4
and q = 2. 
Lemma 5.4. Assume that d1, . . . , dn+1 are as in Theorem (1.6) with p = q = 3,
and A has WLP. Then we must have n ≤ 4.
Proof. Assume by contradiction that n ≥ 5. We discuss two cases according to the
parity of
∑n+1
i=1 ki − n+ 1.
Case 1: Assume that
∑n+1
i=1 ki − n+ 1 is odd. From equation (23) we have
(30) 3(n− 2) + rn+1 ≤ r1 + . . .+ rn − 1 ≤ nrn+1 + n− 1
which implies 3(n− 2) ≤ (n − 1)(rn+1 + 1) or rn+1 ≥ 3(n− 2)/(n− 1)− 1. Since
rn+1 is an integer, n ≥ 5 implies that rn+1 ≥ 2. Now equation (30) implies
r1 + . . .+ rn ≥ 2n− 1.
Since ki ≥ 1 for all i ∈ {1, . . . , n+ 1}, equation (22) implies that
9 ≥ ⌈3
∑n+1
i=1 ki +
∑n+1
i=1 ri − n+ 1
2
⌉ ≥ ⌈3(n+ 1) + 2n− 1 + n− 1
2
⌉ = ⌈4n+ 3
2
⌉,
and this implies 4n ≤ 15, therefore n ≤ 4.
Case 2: Assume that
∑n+1
i=1 ki − n + 1 is even. From equation (23) we have
r1 + . . .+ rn+1 + n− 1 ≤ 3(n− 1), therefore r1 + . . .+ rn+1 ≥ 2(n− 1). As in the
discussion of the previous case, we have
9 ≥ ⌈3
∑n+1
i=1 ki +
∑n+1
i=1 ri − n+ 1
2
⌉ ≥ ⌈3(n+ 1) + 2(n− 1)− n+ 1
2
⌉ = ⌈4n+ 2
2
⌉,
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which implies that n ≤ 4 as desired.

Putting the results of Lemma(5.2), Lemma(5.3) and Lemma(5.4) together, we
obtain the following:
Corollary 5.5. Assume that n ≥ 5 and di = kiq + ri are as above with ki ≥ 1. If
A has WLP, then we must have q = 1.
Now we will consider the cases n = 4 and n = 3.
Proposition 5.6. Assume that n = 4, d1, . . . , d5 are as in Theorem (1.6) with q >
1, and A has WLP. Then we must have q = p = 3 and (d1, . . . , d5) = (4, 4, 4, 4, 5)
or any permutation of this.
Proof. We consider two cases according to the parity of
∑5
i=1 ki − 3.
Case 1:
∑5
i=1 ki − 3 is odd. In order for the assumption in Theorem (1.6) to
hold, we must have
∑5
i=1 ki ≥ 8.
By plugging I = 1, 3, 5 in equation (20) we have:
(31) 2q + r5 ≤ r1 + r2 + r3 + r4 + 3
(32) r3 + r4 + r5 ≤ r1 + r2 + 3
(33) − 2q + r1 + r2 + r3 + r4 + r5 ≤ 3
Since r1 ≤ r2 ≤ . . . ≤ r5, equation (32) implies r5 ≤ 3, and therefore r1, . . . , r5 ≤ 3.
Using equations (31) and (33), we have
(34) r1 + r2 + r3 + r4 − (3 − r5) ≤ 2q ≤ r1 + r2 + r3 + r4 + (3− r5)
The argument will be based on considering the possible values of r5. Assume that
r5 = 3. Then equation (32) implies that r1 = r2 = r3 = r4 := r ≤ 3 and equation
(34) implies that q = 2r. Therefore q is even, so p = 2. Furthermore, since ki ≥ 1
for all i ∈ {1, . . . , 5}, we have from equation (22):
2q ≥ ⌈q
∑5
i=1 ki +
∑5
i=1 ri − 3
2
⌉ ≥ ⌈5q + 4r
2
⌉ = ⌈7q
2
⌉.
This is not possible.
Assume that r5 = 2. Equation (31) implies that 2q ≤ r1 + r2 + r3 + r4 + 1 ≤ 9,
thus q ≤ 4 and p ≤ 3. Since ki ≥ 1 for all i ∈ {1, . . . , 5} and we are assuming that∑5
i=1 ki is even, equation (22) implies
pq ≥ ⌈6q +
∑5
i=1 ri − 3
2
⌉ ≥ ⌈6q + 2q − 2
2
⌉ = 4q − 1
(for the last inequality, we used the fact that
∑5
i=1 ri ≥ 2q + 1, which follows from
equation (31)). Since p ≤ 3, this implies that q = 1.
Now assume r5 = 1.Then equation (31) implies 2q ≤ 6, so q ≤ 3. From equation
(31) we have r1 + . . .+ r5 ≥ 2q − 1. Moreover, we have
∑5
i=1 ki ≥ 6, and equation
(22) implies that
pq ≥ ⌈6q + 2q − 4
2
⌉ = 4q − 2
Since p ≤ 3, this implies q = 1.
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If r5 = 0 then equation (31) implies 2q ≤ 3, which implies q = 1.
Case 2:
∑5
i=1 ki − 3 is even. By plugging I = 0, 2, 4 in equation (21) we obtain
(35) 3q ≤ r1 + . . .+ r5 + 3,
(36) q + r4 + r5 ≤ r1 + r2 + r3 + 3, and
(37) − q + r2 + r3 + r4 + r5 ≤ r1 + 3
Equation (36) implies that q ≤ r1 + 3. Combining this with equation (37) we get
r1+3 ≥ q ≥ r2+r3+r4+r5−r1−3 ≥ 2(r2+r3)−r1−3, and thus r1+3 ≥ r2+r3,
which implies r3 ≤ 3, and thus q ≤ 6, which implies p ≤ 5. Using the fact that∑5
i=1 ki ≥ 5 and
∑5
i=1 ri ≥ 3q − 3 (from equation (35)), we see that equation (22)
implies
pq ≥ ⌈5q + 3q − 6
2
⌉ = 4q − 3
This is possible when p = q = 3 or p = q = 5.
Assume p = q = 3, and thus r1, . . . , r5 ≤ q − 1 = 2. Assume r1 = 2. Then
r2 = . . . = r5 = 2 and we see that the inequality (22) fails since
∑5
i=1 ki ≥ 5. As-
sume r1 = 1. From equation (35) we have r2+r3+r4+r5 ≥ 5, from equation (36) we
have r4+r5 ≤ r2+r3+1, and from equation (37) we have r2+r3+r4+r5 ≤ 7. The
only values that satisfy all these conditions are (r1, r2, r3, r4, r5) = (1, 1, 1, 1, 2) or a
permuation of the above (in which case all the required equations do hold). More-
over, we must have k1 = . . . = k5 = 1, because otherwise
∑5
i=1 ki ≥ 7, and equation
(22) fails. Finally, one can use Theorem (1.6) to check that E3(4, 4, 4, 4, 5) = 9 =
⌈ 4+4+4+4+5−32 ⌉, and therefore A has WLP for (d1, . . . , d5) = (4, 4, 4, 4, 5) or any
permuation of this. Assume r1 = 0. From equations (35) and (37), we must have
r2 + r3 + r4 + r5 = 6, and from equation (36) we have r4 + r5 ≤ r2 + r3, which
implies that r2 = r3 = r4 = r5. These two conditions cannot hold simultaneusly,
since r2, . . . , r5 are integers.
Assume p = q = 5. Then equations (35), (36) and (37) become
r1 + . . .+ r5 ≥ 12, r4 + r5 + 2 ≤ r1 + r2 + r3, r2 + r3 + r4 + r5 ≤ r1 + 8.
Combining the first and the last inequalities, we get 12 − r1 ≤ r1 + 8, or r1 ≥ 2.
Moreover, we have 4r1 ≤ r2 + r3 + r4 + r5 ≤ r1 + 8, which implies 3r1 ≤ 8, and
therefore r1 = 2 is the only possiblity. Then the second inequality above implies
that r2 = r3 = r4 = r5 := r, and the other two inequalities combined imply 4r = 10,
which is not possible.

Proposition 5.7. Assume that n = 3 and d1, d2, d3, d4 are as in Theorem (1.6)
with q > 1 and r1 ≤ r2 ≤ r3 ≤ r4. Then A has WLP if and only if one of the
following holds:
• ∑4i=1 ki is odd, r1 + r2 + r3 − r4 + 2 ≥ q ≥ r2 + r3 + r4 − r1 − 2, and
pq ≥ ⌈
∑4
i=1 di − 2
2
⌉.
• ∑4i=1 ki is even, 2q − 2 ≤ r1 + r2 + r3 + r4 ≤ 2q+ 2, r3 + r4 ≤ r1 + r2 + 2,
and pq ≥ ⌈
∑4
i=1 di − 2
2
⌉.
ON THE DEGREES OF RELATIONS ON x
d1
1
, . . . , xdnn , (x1+. . .+xn)
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Proof. Case 1:
∑4
i=1 ki − 2 is odd. Assume that A has WLP. Plugging I = 1, 3 in
equation (20), we get
(38) q + r4 ≤ r1 + r2 + r3 + 2 and
(39) − q + r2 + r3 + r4 ≤ r1 + 2
The last condition in the statement is equation (22).
Thus shows that the conditions in the statement are necessary for A to have
WLP. Now we need to see that these conditions are also sufficient. From Theorem
(1.6), we have
Ep(d1, d2, d3, d4) = min{
∑4
i=1 ki − 1
2
q + r1 + r2 + r3,
∑4
i=1 ki + 1
2
q + r1, pq}.
We need to check that Ep(d1, d2, d3, d4) ≥ ⌈
∑
4
i=1
di−2
2 ⌉. In other words we need to
check that each of the following inequalities holds:
(40)
∑4
i=1 ki − 1
2
q + r1 + r2 + r3 ≥ ⌈
∑4
i=1 di − 2
2
⌉
(41)
∑4
i=1 ki + 1
2
q + r1 ≥ ⌈
∑4
i=1 di − 2
2
⌉
(42) pq ≥ ⌈
∑4
i=1 di − 2
2
⌉
The inequality (40) is equivalent to q ≤ r1+ r2+ r3− r4+2. The inequality (41) is
equilvalent to q ≥ r2+r3+r4−r1−2. The inequality (42) is part of the assumption.
Case 2:
∑4
i=1 ki − 2 is even. Assume that A has WLP. We get the first two
conditions in the statement by plugging I = 0, I = 2, I = 4 in equation (21), and
the last condition is equation (22). Now we wish to see that the conditions in the
statement are also sufficient for A to have WLP. From Theorem (1.6), we have
Ep(d1, d2, d3, d4) = min{
∑4
i=1 ki − 2
2
q+r1+r2+r3+r4,
∑4
i=1 ki
2
q+r1+r2,
∑4
i=1 ki + 2
2
q, pq}
We need to check that Ep(d1, d2, d3, d4) ≥ ⌈
∑
4
i=1 di−2
2 ⌉. In other words we need to
check that each of the following inequalities holds:
(43)
∑4
i=1 ki − 2
2
q + r1 + r2 + r3 + r4 ≥ ⌈
∑4
i=1 di − 2
2
⌉
(44)
∑4
i=1 ki
2
q + r1 + r2 ≥ ⌈
∑4
i=1 di − 2
2
⌉
(45)
∑4
i=1 ki + 2
2
q ≥ ⌈
∑4
i=1 di − 2
2
⌉
(46) pq ≥ ⌈
∑4
i=1 di − 2
2
⌉
Equation (43) is equivalent to r1+r2+r3+r4 ≥ 2q−2. Equation (44) is equivalent
to r3 + r4 ≤ r1 + r2 + 2. Equation (45) is equivalent to r1 + r2 + r3 + r4 ≤ 2q + 2,
and equation (46) is part of the assumption. 
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